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Abstract
Every day larger amounts of data are generated that describe our world in terms
of networks or graphs. Think for example about maps of roads or rivers, social
networks, or the internet (either as a network of computers or as a network
of hyperlinks). Besides this, also surface models, such as height models of the
Earth, are often represented using graph structures. Traditionally, graphs were
easily processed by computers using algorithms taught to any computer science
undergraduate. Nowadays, however, graphs are so big that the assumptions underlying traditional algorithms no longer hold: what used to be a simple graph
traversal taking no time worth mentioning, suddenly takes years to complete.
This increase is not merely a direct result of the bigger amount of data being
processed, but mostly a result of the fact that this amount of data does not fit
in the computer’s main memory anymore and needs to be retrieved from and
stored to slow secondary memory.
In the first part of this dissertation, we therefore present a number of contributions in the area of external-memory graph algorithms, a relatively young research area focusing on developing algorithms for efficiently dealing with graphs
that do not fit in main memory. Our contributions include results on removing noise from terrain height models, analysing social networks, and processing
planar graphs (that is, graphs that can be drawn without edge crossings, such
as road and river networks without bridges and tunnels, or height models).
In order to present (for example geographic) data to a user, it is often
necessary to select only a relatively small part of a dataset — such as all post
offices in the region visible on the user’s screen — and return some statictic
about this part — such as the distance between the two furthest post offices in
the region, which may help a postal company in determining what delivery time
they can guarantee for their customers. Even in non-geometric settings, the part
of the data that needs to be selected is often easily described geometrically, for
example in database queries asking for records matching multiple numerical
criteria.
The second part of this dissertation contains contributions relating to these
so-called range searching problems, both in the external-memory setting and
in the traditional internal-memory setting. We obtain results relating to the
example above (finding furthest points in a region), as well as for efficiently finding the set of categories present in a certain region — post offices for example,
may be categorized by the services they offer.
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Chapter 1
Introduction
As the title suggests, this dissertation contains results on graph algorithms and
range searching data structures, with a focus on efficiency in external memory.
This introduction is aimed at giving a high-level informal overview of what we
understand by these topics. More detailed previous work and background can
be found in later chapters.
Many of today’s computational problems involve extremely large datasets.
As the most practically-oriented part of this thesis deals with terrain data, we
will now take a closer look at how such data is typically acquired and processed.
Due to the developments in terrain scanning technology of the last twenty
to thirty years, very detailed terrain data can now relatively easily be produced
at very high rates. Especially light detection and ranging (LIDAR) technology,
operating lasers from airplanes, has significantly increased the size of digital terrain models of land areas. For scanning the seabed, vessels have for a long time
been equipped with echo sounders. However, the switch from single- to multibeam echo sounders (MBES) and further technological advances have caused a
significant increase in the data collection rate: current echo sounders can make
up to 2.2 billion soundings a day [109].
Typically, raw terrain data is converted to a digital terrain model (DTM),
forming a height model of for example the Earth’s surface that can be used in
computer-assisted terrain analysis in diverse areas of scientific and commercial
research. Two of the most commonly used types of models are grids (rasters)
and triangulated irregular networks (TINs). In both cases, heights are stored
for a set of points. In a grid, the points are simply the vertices of a regular
grid, so the coordinates of the individual points do not have to be stored,
saving space and processing time. In a TIN, horizontal positions are specified
for all points, together with a two-dimensional triangulation of the point set,
leading to a more accurate representation compared to grids, and allowing for
local differences in representational detail. Constructing such a triangulation for
massive point sets can be done in different ways, but by far the most widespread
is the following three-step procedure. First, we project the three-dimensional
input points down to the plane (ignoring their vertical coordinates), then we
construct a two-dimensional Delaunay triangulation of the projected point set,
and finally we lift this triangulation back to the original heights at the vertices
(see Figure 1.1).
1
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input point
3. triangulated surface
1. projection to the plane
2. planar triangulation

Figure 1.1: Construction of a TIN.
Because of the way DTMs are represented, algorithms working with terrain
data are often in essence graph algorithms. The massive amounts of terrain
data available today make the area of terrain analysis very interesting from an
algorithmic point of view, both at the level of theoretical research and at the
level of algorithm engineering. Many very interesting results have already been
described in the literature, including efficient algorithms for the generation of
TINs, for finding water flow routes and determining where water accumulates,
for decomposing a terrain into rivers’ watersheds, for topological conditioning
to remove minor peaks and depressions from a terrain, and much more. Still,
there are many problems left that are not yet solved satisfactorily.
Apart from terrain data, graph algorithms are also useful for other types of
geographic data such as road networks, as well as for graphs representing social
networks, computer networks, or graphs representing the internet.
Once geographic data has been processed, it needs to be presented to users.
Since this type of data is often extremely big and the user may only be interested
in a part of the full dataset, efficient data structures need to be developed to
store and retrieve such data. In the case of geographic data, the user may
for example only be interested in data contained in a certain region. Range
searching data structures are made exactly for this purpose: to store a dataset
in such a way that all data contained in a (small) query range (region) can
be retrieved in little time. Of course, many different, often more abstract,
applications of range searching data structures exist.

1.1

Models of computation

Just like most other sciences revolve around making, verifying, and updating
models of their world in order to make predictions, the science of algorithms
revolves around models of computation. In their most elementary form, models
of computation only specify a set of operations and their effect on an abstract
machine and as such have little predictive value. However, they can also be
used to measure and predict the running time of algorithms (or the query
time of data structures), as well as to compare the running time of different
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algorithms. To support this, models of computation typically focus on what
types of operations on data elements in the machine’s memory are assumed
to be possible in unit time. For example the well-known word-RAM model
assumes any basic operation on a data word can be done in unit time. It also
assumes that given a (computed) memory address, the machine can access the
data at that address in unit time. The pointer machine model is a little more
restricted and only assumes constant-time access to data at a known address,
disallowing arithmetic on memory addresses. (See Chapter 6 for more details
on the word-RAM and pointer-machine model.)
For obvious reasons, the word-RAM model is seen by many as the model
that is closest to common hardware, given that the main memory of the machine
is large enough to run any algorithm or store any data structure. Another way
of putting this is that the word-RAM model (as well as the pointer machine
model) essentially assumes the main memory to have infinite size. For certain
types of problems though, this assumption is too simplistic and we need a model
that also takes bigger and slower secondary storage into account for estimating
the amount of time an algorithm takes to execute. Specifically, we need to
model the access and transfer times for moving data from secondary storage
into main memory and vice versa.

The I/O-model
The I/O-model (or external-memory model ) was designed to model the part
of the practical running time of algorithms that is due to access and transfer
times to and from secondary storage (external memory). It traces back to
attempts in the 70’s and 80’s to analyse the complexity of permuting and sorting
data on magnetic hard disks. (Interestingly, this work remains central to both
theoretical and practical work in this area, as we shall see later.) The I/Omodel as is currently widely used, and adopted in this dissertation, is basically
the model Aggarwal and Vitter introduced in 1988 [8]. The model can be seen
as a generalization of a model proposed by Floyd in 1972 [59]. Both models
consider secondary storage to be divided into blocks forming the unit of data
exchange between the bounded-size internal (main) memory and unbounded
external memory.
Formally, the model assumes a machine that can load or store any consecutive set of B records from or to external memory in one I/O, while the internal
memory can hold up to M = Ω(B) records at a time. Computations can only
be done on records in internal memory, but are not restricted in any way. The
external memory is assumed to always have sufficient space. To analyse the I/O
complexity of an algorithm, one proves bounds on the number of I/Os necessary
for the execution of an algorithm, given M and B.
For example, scanning an input of N elements (records) takes Θ(N/B)
I/Os. Aggarwal and Vitter [8] showed that a set of N elements can be sorted
in Θ(sort(N )) = Θ(N/B · logM/B N/B) I/Os. Many other results on both
algorithms and data structures have been obtained since, and more specialized
models have been developed to model different types of memory hierarchies.
One of the more successful such models is the so-called cache-oblivious

4
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model. The cache-oblivious model captures the possibility of designing I/Oefficient algorithms that do not make explicit use of knowledge of the parameters B and M . Such cache-oblivious algorithms work efficiently without explicit
tuning for the memory parameters, and are efficient on all levels of even an
unknown multilevel memory hierarchy [65]. Cache-oblivious algorithms have
been developed for a number of problems, including for sorting [65], where the
same O(sort(N )) I/O-bound can be achieved as in the classic external-memory
model.
Other models have also been developed to try to capture current-day hardware more accurately. Actually, the I/O-model has been around for some 24
years now, so it seems obligatory to spend a few words on whether the model
and algorithms developed for it will still be usable in the foreseeable future.
Therefore, in the remainder of this section we will take a glance at the expiry
date of the I/O-model and briefly assess its value in predicting and comparing
the practical running times of algorithms.

Future of the I/O-model
Classically, secondary storage is thought of as consisting in a magnetic hard disk,
where the access time is the time it takes for the disk head to seek to an arbitrary
location on the disk. The data is organized in disk blocks (e.g. sectors or pages)
containing B bytes, such that the seek time is roughly the same as the time it
takes to transfer a block between internal and external memory. The question
is to what extent this is still the case in current-day hardware, and whether
possible disparities weaken the model’s value in predicting practical algorithm
running times or not. Finally, we will also discuss the relation between I/Ocomplexity and internal-memory computation time.
Block size. A correspondence between the seek time tseek of a hard disk
and the time B/rtransfer to transfer a physical disk block is convenient, since
it allows the model to abstract from both values using only one disk-specific
parameter — B. Nowadays, however, transfer rates of hard disks have increased
by orders of magnitude more than access times [64], while physical disk block
sizes have hardly increased at all. To re-balance the equation, one needs to set
B = tseek /(1/rtransfer ), which on current hard disk drives is on the order of a
half to one million bytes [64], while the sector size is at most 4096 bytes [77].
This is of course not a real problem, but one should be aware that the original
semantics of the block size is re-interpreted.
Secondary storage technology. Apart from faster magnetic hard disks,
other new technologies for secondary storage are also developed. Specifically
flash-based solid-state drives are gaining popularity very rapidly. Ajwani et
al. [9] investigated the characteristics of flash-based solid-state drives from the
perspective of external-memory algorithms and came to the conclusion that
many existing algorithms designed for the I/O-model are also efficient on flashbased solid-state drives. For example, the standard I/O-efficient merge sort
underlying many I/O-efficient algorithms, as well as the cache-oblivious priority
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queue, are also optimal in the unit-cost flash model proposed in the paper. The
main difference between the I/O-model and the unit-cost flash model is that
the latter assumes different block sizes for reading and writing (however still
with equal maximum throughput, that is, the same amortized access time per
element).
At the same time, hard disk manufacturers do not rest on their laurels and
continue developing new technologies to further increase data density, which in
the past has consistently lead to higher storage capacity and lower prices [64,
85]. Currently, heat-assisted magnetic recording promises to stretch Moore’s
law for hard disks another one or two decades [110].
Internal-memory computations. Since the external-memory model only
models the share of the running time of algorithms caused by external-memory
communication, it can only accurately predict and compare practical asymptotic running times in case the internal-memory computations take no more
time than external-memory communication. For this to be the case, the amortized time used per transferred data item should be close to 1/rtransfer . If this
is not the case, a decrease in I/O complexity may be bought at the price of
increasing the internal-memory computation time, and thereby maybe also the
overall practical running time of the algorithm. In the remainder of this thesis,
“time” will always refer to internal-memory computation time (independent of
the number of I/Os).
In some cases, algorithms can be developed that are both I/O- and timeoptimal. For example in the case of sorting, the merge-sort based algorithm
of Aggarwal and Vitter [8] can be implemented to achieve optimal O(N log N )
time complexity in the comparison model. Recently, Arge and Thorup [21]
show that it is even possible to design a RAM-model sorting algorithm that
uses O(sort(N )) I/Os and O(N logM/B (N/B) + ramsort(N )) time, where
ramsort(N ) is the best known bound for sorting in the RAM model.
In other cases, I/O-optimal algorithms spend so much time in internal memory that even theoretically, given the relation between B and the externalmemory access time mentioned above, they are no better than optimal internalmemory algorithms.
In conclusion, the I/O-model still appears to be usable for some time to
come, but other relevant models of computation should not be ignored!

1.2

Contents of this dissertation

This dissertation is based on five papers and manuscripts that have either been
published or have been submitted for publication. These contributions are
each presented in their own chapter, and are clustered in two parts in this
document. Part I contains results on external-memory graph algorithms, and is
introduced by means of a survey of known results in this area. Part II describes
results on range searching data structures, and starts with a short overview
chapter that presents the necessary context for the problems we consider, but
does not attempt to give a full survey of known results in this vast area of
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research. The overview chapter also gives more details on the internal-memory
computation models mentioned earlier, since some of our range searching results
are developed for those models. In the remainder of this section we give a brief
overview of the problems considered and results obtained in each of the chapters.
A bibliography of the papers and manuscripts that formed the basis of these
chapters is given at the end of this section.
The three main chapters on graph algorithms in Part I contain work ranging
from very practical algorithms that have been implemented and tested to more
theoretical work that may have a longer way to go before it can have practical
impact.
In Chapter 3, we consider a practical problem with terrain data. Apart
from using terrain data for the construction of digital elevation models (as
sketched earlier), height maps or nautical charts, the data is also used in many
more complicated terrain analysis applications such as for analysing the sea
floor, for example in the search for oil. Once oil has been found and pipelines
have been laid, seabed data (obtained by periodical MBES scannings) is used to
maintain the pipeline, for example by controlling the position of the pipe and the
movement of the seabed around and below it. However, this type of terrain data
is often noisy as a result of scans of (shoals of) fish, multiple reflections, scanner
self-reflections, refraction in gas bubbles, and so on. In Chapter 3 we present a
new algorithm that avoids the problems of previous local-neighbourhood based
algorithms. Our algorithm is theoretically I/O-efficient as well as relatively
simple and thus practically efficient, partly due to the development of a new
simple algorithm for computing the connected components of a graph embedded
in the plane. A version of our cleaning algorithm has already been incorporated
in a commercial product. This chapter is based on [16].
Betweenness centrality is one of the most well-known measures of the importance of nodes in a social-network graph. In Chapter 4 we describe the
first known external-memory and cache-oblivious algorithms for computing betweenness centrality. We present four different external-memory algorithms
exhibiting various tradeoffs with respect to performance. Two of the algorithms are cache-oblivious. We describe general algorithms for networks with
weighted and unweighted edges and a specialized algorithm for networks with
small diameters, as is common in social networks exhibiting the “small worlds”
phenomenon. This chapter is based on [15].
In Chapter 5 we look at a number of external-memory planar graph algorithms exhibiting the problem of excessive internal-memory computation time
outlined above. We show how these algorithms can be improved through the
development of a new separator theorem for cutting planar graphs into regions.
Compared to previous separator theorems, ours gives extra guarantees on the
shape of regions and the number of disconnected pieces that can make up a
region. This allows us to use more efficient internal-memory algorithms for
processing these regions in the context of these existing planar graph algorithms, effectively making them optimal both in terms of time and I/Os. This
chapter is based on [24].
The two main chapters of Part II deal with specialized types of orthogonal
range searching in the plane, for which we develop new internal- and external-
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memory data structures and give reductions to establish new lower bounds.
Given a set of points in the plane, range diameter queries ask for the furthest
pair of points in a given axis-parallel rectangular range. In Chapter 7, we provide evidence for the hardness of designing space-efficient data structures that
support range diameter queries by giving a reduction from the set-intersection
problem. The difficulty of the latter problem is widely acknowledged and is
conjectured to require nearly quadratic space in order to obtain constant query
time, which is matched by known data structures for both problems, up to polylogarithmic factors. We also show that range diameter queries can be answered
much more efficiently for the case of points in convex position. This chapter is
based on [52].
Range reporting on categorical (or colored) data is a well-studied generalization of the classical range reporting problem in which each of the input
points has an associated color (category). A query then asks to report the
set of colors of the points in a given rectangular query range, which may be
far smaller than the set of all points in the query range. In Chapter 8, we
study two-dimensional categorical range reporting in both the word-RAM and
I/O-model. For the I/O-model, we present two alternative data structures answering three-sided queries in (1) optimal time using almost-linear space, and
(2) near-optimal time using linear space. Both solutions also lead to improved
data structures for four-sided queries. For the word-RAM, we obtain optimal data structures for three-sided range reporting, as well as improved upper
bounds for four-sided range reporting. Finally, we show a tight lower bound
on one-dimensional categorical range counting using an elegant reduction from
(standard) two-dimensional range counting. This chapter is based on [90].

Bibliography of included work
[16] With Lars Arge, Kasper Green Larsen, and Thomas Mølhave. Cleaning
massive sonar point clouds. In 18th ACM SIGSPATIAL GIS, pages 152–
161, Nov. 2010.
[15] With Lars Arge and Michael T. Goodrich. Computing betweenness centrality in external memory. Manuscript submitted for publication, 2012.
[24] With Lars Arge and Norbert Zeh. Multiway cycle separators and I/Oefficient planar graph algorithms. Manuscript submitted for publication,
2012.
[52] With Pooya Davoodi and Michiel Smid. Two-dimensional range diameter queries. In Proc. 10th Latin American Symposium on Theoretical
Informatics (LATIN), pages 219–230, Apr. 2012.
[90] With Kasper Green Larsen. Near-optimal range reporting structures for
categorical data. Manuscript submitted for publication, 2012.
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Chapter 2
Survey of External Memory Graph
Algorithms

As outlined in Chapter 1, the main motivations behind studying graph algorithms in external memory are in the analysis of networks, such as social
networks, computer networks, and graphs representing the internet, as well as
in dealing with geographic data, for example in the form of road networks, river
networks, and digital elevation models. In each of these areas, many existing
datasets do not fit in main memory and have to be stored on disk, causing
algorithms that are not optimized for disk I/O to become excessively slow.
For algorithms traversing graphs this can be particularly bad if the layout of
the graph on disk has no relation to the traversal order. Unfortunately, this
discordance is often not resolved by current graph-traversal algorithms, especially those for general graphs (such as directed, non-planar, and/or weighted
graphs), resulting in Ω(V ) I/O complexity. The main contributions made in the
design of such algorithms are often data structures that record the “state” of
the traversal in order to help reduce the dependency of the I/O complexity on
the number of edges. For slightly less generic formulations (undirected, planar,
and/or unweighted graphs), algorithms are known that reorganize the layout
of the graph on disk before starting the actual traversal, resulting in o(V ) I/O
algorithms.
In a number of cases, the improvement in the I/O-efficiency of a graph
algorithm is accompanied by an increase of internal-memory computation time,
sometimes by so much that the overall practical running time of the algorithm
does not actually improve at all. As discussed in Section 1.1, this is basically
the result of ignoring internal-memory models of computation. One could see
this as an unforgivable shortcoming of these algorithms, but as is often the
case, multiple smaller and bigger steps are necessary before a problem can be
considered fully solved.
The remainder of this chapter gives a brief survey of the most important
steps that have already been taken in the area of external-memory graph traversal and graph algorithms in general, focusing on results that are relevant for the
subsequent chapters. The problems considered and results obtained in those
chapters are summarized in the final section.
11
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Connected components and minimum spanning trees. We start our
review with a pair of graph problems for which the situation is not as grim
as sketched above. In fact, algorithms are known that solve these problems
in almost, but unfortunately not quite, as few I/Os as sorting. The problems
are, given a graph G with vertex set V and edge set E, to label the connected
components of G and to find a minimum spanning forest of G. The first results
on these problems were due to Chiang et al. [46], who showed that both can be
V
solved in O(sort(V ) + log M
· sort(E)) I/Os1 .
The connected component algorithm recursively computes a contracted version of the graph in which the size of the vertex set is halved each time. Since
the problem can be solved in internal memory in case V ≤ M , the recursion
is stopped if this is the case. Munagala and Ranade [99] stop the recursion
earlier as well as executing multiple recursive steps in one go, resulting in an
algorithm using O(sort(V ) + log log(V B/E) · sort(E)) I/Os. Maybe their
most important contribution is a breadth-first search algorithm that requires
O(V + sort(E)) I/Os, which is used for computing the connected components
in case V ≤ E/B. This algorithm will be further discussed below and in Chapter 4.
Arge et al. [14] take the same route to develop a faster algorithm for finding
minimum spanning forests, also using a graph contraction procedure to reduce
the number of vertices in O(sort(V ) + log log(V B/E) · sort(E)) I/Os to E/B,
and then using an O(V + sort(E)) I/O algorithm for computing a minimum
spanning tree of the contracted graph.
Breadth-first search and depth-first search. Breadth-first search (BFS)
and depth-first search (DFS) are two of the most important graph traversals
in computer science and have many applications. For general, directed graphs
the most I/O-efficient algorithms currently known for these graph traversals are
due to Buchsbaum et al. [40] and Chiang et al. [46]. These algorithms use the
standard adjacency-list layout of the graph on disk, but use an entirely different
approach to dealing with the problem of finding out which vertices have already
been visited. The DFS algorithm of Chiang et al. simply rebuilds the graph
V E
after M vertices have been visited, resulting in an algorithm using O(V + M
B+
sort(E)) I/Os. Buchsbaum et al. introduce the buffered repository tree in order
to prevent re-visiting already visited vertices, resulting in algorithms for BFS
E
and DFS using O((V + B
) log VB + sort(E)) I/Os. For each of the algorithms
the actual traversals are done as in internal-memory, using stacks and queues.
For the case of undirected graphs no better DFS algorithms are known, while
for BFS faster results have been obtained. As mentioned earlier, Munagala and
Ranade [99] present an O(V + sort(E)) I/O algorithm for this problem. The
algorithm constructs the levels of the BFS tree level-by-level from the source
vertex. Since the algorithm still uses the standard adjacency-list layout, it needs
an I/O for each vertex in each level of the BFS tree for reading its adjacency
list. Consecutive levels are constructed directly from the two preceding levels,
1
The names of sets “V ” and “E” are also used to denote the sizes of these sets, whenever
the context is clear as to whether we are referencing these as sets or numbers.
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so the I/O-complexity is dominated by sorting the adjacency lists for each level.
The algorithm is described in more detail in Section 4.2. The most important
breakthrough
in the area is due to Mehlhorn and Meyer [95], who developed
p
an O( V (V + E)/B + sort(V + E)) I/O algorithm for the undirected BFS
problem. This algorithm, finally, breaks the Ω(V ) I/O barrier by preprocessing the graph to optimize its layout on disk before performing the actual
√ BFS.
(Note that for sparse, connected graphs, the number of I/Os is a factor B less
than before.) Because the input graph is assumed to be undirected (and unweighted),
it is possible to partition the graph into disjoint clusters of diameter
p
O( BV /(V + E)). This allows a traversal similar to Munagala and Ranade’s,
with the difference of maintaining a file containing only the adjacency lists of
vertices that are in the same cluster as some vertex in the currently constructed
BFS level. This file is scanned and updated for each level, and since the diameter of each cluster is small, the adjacency lists for each cluster do not stay in
the file for long. This fact is then used to prove the final I/O bound.
In case BFS trees are required for all vertices in a graph, faster algorithms are known for constructing these trees simultaneously as opposed to
running a BFS algorithm from each vertex individually [17, 47]. Specifically,
Chowdhury and Ramachandran [47] describe a cache-oblivious algorithm using O(V · sort(E)) I/Os in total. One of the main building blocks in this
algorithm is an “incremental” version of the BFS algorithm of Munagala and
Ranade, which is used to more efficiently construct a BFS tree if a BFS tree
from a nearby node is already given. We describe this algorithm in Section 4.2.
The algorithm can also be used to compute the unweighted diameter of a graph
using only O(E) space.
Shortest paths. The single-source shortest-path problem can be thought of
as a weighted version of breadth-first search. The currently most I/O-efficient
algorithm for this problem is due to Kumar and Schwabe [87] and uses O(V +
E
E
B log B ) I/Os. For this algorithm, again the graph layout is standard, whereas
the interesting part of the algorithm is the external-memory tournament tree
data structure which is used for maintaining the status of the traversal. More
details about this algorithm can be found in Section 4.3.
The best known algorithm for the weighted all-pairs shortest-paths
probp
lem is due to Chowdhury and Ramachandran [47] and uses O(V · V E/B +
E
E
VB
log B
)) I/Os. The algorithm is a slight improvement of an algorithm of
Arge et al. [17], and essentially runs V instances of Kumar and Schwabe’s algorithm simultaneously, reducing the number of I/Os necessary for accessing
adjacency lists. An adaptation of this algorithm is described in Section 4.3.
This algorithm computes the weighted diameter using O(V 2 ) space. It can also
E
E
be computed using only O(E) space (but O(V 2 + V B
log B
) I/Os) by running
the Kumar and Schwabe algorithm [87] V times.
Planar graphs. Besides unweighted graphs, the second major graph class for
which the single-source shortest-path problem and many others can be solved
more efficiently, and in fact often optimally, is planar graphs.
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First of all, it should be noted that the contraction-based algorithms for computing connected components and minimum spanning trees run in O(sort(N ))
I/Os2 for planar graphs since the reduction in the number of vertices results in
a similar reduction in the number of edges, such that the recursive costs form
a geometrically decreasing series.
For other problems, preprocessing can be used to change the layout of the
graph on disk to allow for more efficient graph traversal. This preprocessing
consists in constructing a separator of O(N/B) vertices dividing the graph into
regions of O(B 2 ) vertices. Maheshwari and Zeh [94] show how to construct a
separator with the right properties in O(sort(N )) I/Os. The standard tallcache assumption, that is, M = Ω(B 2 ), guarantees that each of the regions
individually fit into main memory. Algorithms for diverse graph problems can
now be designed in a three-step framework, by first reducing the graph to only
contain separator vertices, then solving the problem on this graph (e.g. singlesource shortest paths), and finally using this solution to fill in the regions (e.g.
computing shortest-path distances to vertices in the interior of the regions).
A number of problems have been solved I/O-optimally in this framework.
Apart from single-source shortest paths [14], also computing strongly connected components and topologically sorting planar directed acyclic graphs
(DAGs) [25, 23, 22] takes O(sort(N )) I/Os. However, they take Ω(BN ) computation time in internal memory. More details about the algorithms can be
found in Section 5.4. Finally, for undirected planar graphs, depth-first search
can be reduced to breadth-first search in O(sort(N )) I/Os [18].
Other I/O-efficient algorithms for planar graphs that do not use separators
include an algorithm for computing biconnected components in O(sort(N ))
I/Os (using an arbitrary spanning tree as well as a connected-components computation) [46], an alternative algorithm for topologically sorting planar DAGs
in O(sort(N )) I/Os (using an ear decomposition) [23], and an algorithm for
N
directed depth-first search using O(sort(N ) log M
) I/Os (using a number of
techniques including two-way separators, strongly connected components and
topological sorting) [25].
Triangulation. As discussed in Chapter 1, terrain data is mostly represented
as grids or TINs, and in both cases basic questions about the terrain can be answered using graph algorithms operating on the graph underlying these models.
In order to construct TINs from point sets, we need an algorithm to compute a
(Delaunay) triangulation of a two-dimensional point set. This can be done using
one of several O(sort(N )) I/O algorithms for Delaunay triangulation [67, 86, 3].

2.1

Contributions

The contributions in this part of the dissertation range from very practical
application-focused work to more theoretical work. In all cases we develop algorithms for dealing with massive graphs in external memory. First, we discuss
a topic related to processing terrain data, namely the problem of identifying
2

For planar graphs, we use N to denote the number of vertices.
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noisy points in an MBES dataset. We analyse the problem, develop an I/Oefficient solution, and demonstrate its practicality on a number of real-world
datasets. As a by-product we develop a practically efficient connected components algorithm that may be of independent interest. Second, we discuss a
topic in social-network analysis, namely the computation of betweenness centrality values for all nodes in a graph. We describe a number of algorithms for
performing this computation I/O-efficiently both on general, weighted graphs,
and on graphs from specific classes, matching the ones commonly found in this
area. Third, we revisit the separator-based solutions for planar graph problems. The existing solutions to these problems pay for I/O-efficiency using excessive time in internal memory (mainly for constructing the reduced graphs),
thereby negating the performance gain achieved by minimizing the number of
disk accesses. We show how to make these algorithms simultaneously efficient
in internal and external memory. The key contribution here is the development of a new multiway simple cycle separator that allows for a more efficient
computation of the reduced graph in all relevant algorithms.
We now give a more detailed overview of the problems and solutions discussed in the following chapters.

Point cleaning
As discussed in Chapter 1, LIDAR and MBES are the most widely used techniques for obtaining detailed terrain data for larger areas. The raw output from
these scanners is a point cloud : a set of points in R3 obtained by sending light or
sound pulses to determine the distance to the closest object in a certain direction. The pulse may however be reflected before hitting the target: consider for
example a bird flying by while an aircraft is making LIDAR measurements or
a fish swimming under a ship that is using an echo sounder. Another source of
problems for both techniques is that some pulses do not take an ideal path: for
LIDAR, light pulses can bounce around multiple times in roof windows before
being returned to the scanner, and for echo sounders air bubbles in the water
cause similar problems. Actually, MBES data suffers from significantly more
noise, and therefore presents a challenging type of data for algorithms removing
these spurious measurements. Therefore, in Chapter 3, we look at the problem
of cleaning MBES terrain data. Previous work on this problem is also discussed
there.
We first analyse what types of noise are commonly found in MBES datasets,
and conclude that the type of noise that is most challenging is structural noise
in the shape of for example long ribbons. At the same time, the data may also
contain features of interest such as pipe lines, that in many ways look just like
ribbons of noise, but should under no condition be removed. After the analysis,
we describe a cleaning algorithm based on constructing a TIN from the input
data, and finding the connected components in a graph constructed from this
TIN. We then evaluate the approach and show that removing all but the largest
component in the graph is an effective way of removing noise.
As we are interested not only in a theoretically efficient algorithm, but also
one that is implementable and efficient in practice, we need practical algorithms
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for computing TINs and connected components. For computing a TIN, practical
algorithms exist [3, 78], and we use the O(sort(N )) I/O algorithm of Agarwal
et al. [3]. As noted earlier, the current most efficient external-memory algorithm
for finding the connected components of a graph is an algorithm by Munagala
and Ranade [99]. However, this algorithm is rather involved (the contraction for
example requires the computation of Euler tours in trees) and is therefore not of
practical interest. Currently the best known practical algorithm for computing
N
connected components is a modified version of an O(sort(N ) log M
) union–find
algorithm due to Agarwal et al. [4]. This algorithm is unfortunately theoretically less efficient than the algorithm of Munagala and Ranade. Since finding
the connected components in a large graph is one of the main components of
our cleaning algorithm, we also design a new practical connected component
algorithm. The algorithm uses O(sort(N )) I/Os, assuming a (not necessarily
planar) embedding of the graph is given, and the set of edges crossing any horizontal line can be stored in main memory. This assumption holds for many
graphs in practice, including the types of graphs constructed by our algorithm.
Overall we obtain a theoretically and practically efficient algorithm for cleaning massive sonar point clouds that works very well in practice. In fact, the
algorithm has been further developed by massive data algorithmics start-up
SCALGO. In cooperation with marine survey company EIVA they turned the
algorithm into a commercial product called SCAN (SCALGO Combinatorial
Anti Noise) [56, 57]. At the time of writing, over 30 licenses have been sold for
use of the software, on shore as well as on board of ships scanning the seabed.

Computing betweenness centrality
A valuable component of social network analysis involves assigning numerical
scores to each vertex in a network based on the “influence” or “importance”
of that node in the network, which is commonly referred to as that node’s
centrality. Nodes with high centrality scores are considered to represent entities
with high influence or importance. For instance, such nodes are often considered
to play a crucial role in the flow of commodities (such as information, drugs,
disease, or technology) in their network. Likewise, vertices with low centrality
scores are considered to exert relatively less influence and have less of an impact
on flow.
One of the most well-known centrality measures is betweenness centrality,
which is an interesting measure both from the viewpoint of social network analysis and from a computational perspective. Betweenness centrality assigns a
value to each node of a network, based on how often that node is on a shortest
path between other nodes of the network (an exact definition is given in Chapter 4). The most efficient internal-memory algorithm to compute this measure
for all nodes of a graph runs in O(V 2 log V + V E) time for weighted graphs
and O(V E) time for unweighted graphs [37], and shows an interesting relation
between computing betweenness centrality and computing the (weighted) diameter of a graph. In Chapter 4, we study this problem in the external-memory
setting and find that also here a tight relationship exists between the two problems. In fact, all of our algorithms (optimized for different graph classes) are
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either based on all-pairs shortest-path algorithms for computing graph diameters or yield new and improved such algorithms. Specifically, we show the
following results for computing betweenness centrality.
• For general unweighted graphs a cache-oblivious algorithm using O(V ·
sort(E)) I/Os and O(E) space.
• For general weighted graphs an algorithm using O(V 2 + V
and O(E) space.

E
B

E
log B
) I/Os

• For sparse
(where E < V B/ logp
V ) an algorithm using
p weighted graphs
E
O(V · V E/B + V · B
log VB ) I/Os and O(V · V E/B) space. This
algorithm also improves the space ofpthe best known weighted diameter
algorithm [47] from O(V 2 ) to O(V · V E/B).
• For low-diameter weighted graphs a cache-oblivious algorithm using O(V ·
E/B · diam(G)) I/Os and O(V 2 ) space on a graph G with (unweighted)
diameter diam(G). This also yields an algorithm with the same bounds
for computing the weighted diameter of G.

Multiway cycle separators and planar graph algorithms
As explained earlier in this chapter, many important problems on planar graphs,
including single-source shortest paths, topologically sorting DAGs, and computing strongly connected components, have been solved optimally in externalmemory with the help of planar graph separators. All of these algorithms
achieve an I/O complexity of O(sort(N )), but the time they use in internal
memory is Ω(BN ) in the worst case. At the same time, these problems have
linear-time solutions in internal memory [74, 114] that thus directly translate
into algorithms with an I/O bound of O(N ). Since one I/O corresponds to
transferring B elements, these algorithms would effectively also use O(BN )
time in the external-memory scenario, and thereby be at least as efficient as the
specially-designed external-memory algorithms.
The root of the problem with these algorithms is that after constructing a
separator for the graph, they run a BFS or shortest-path computation from each
vertex on the boundary of each region, taking Ω(B 3 ) time per region. Since
there are Θ(N/B 2 ) regions, the total time is Ω(BN ). In fact, even the main
separator construction itself inherits this problem, as it uses bootstrapping from
shortest paths [94].
Klein [82] developed an algorithm that would effectively allow doing these
BFS or shortest-path computations in O(B 2 log B) time per region in case the
regions are simple, connected planar graphs. However, existing separator theorems including the external-memory separator of Maheshwari and Zeh [94] in
general do not yield such separators.
Our main contribution in Chapter 5 is therefore a separator that guarantees
regions to be bounded by a constant number of boundary cycles. We then
show that with this guarantee, Klein’s algorithm can indeed be used, and the
problems mentioned above, as well as the separator construction itself, can
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be solved in O(sort(N )) I/Os and O(N log N ) time. In fact, we start out by
developing an internal-memory version of our separator that can be constructed
in linear time.

Chapter 3
Cleaning Massive Sonar Point Clouds
In order to make further processing feasible, raw multibeam echo sounder data
first needs to be cleaned. This cleaning is necessary because the raw data
includes a lot of noise, such as (shoals of) fish and other non-permanent objects
(see Figure 3.1(a)). Similarly, spurious measurements also create problems.
Such measurements appear for example due to multiple reflections, refraction
in gas bubbles, influence of the ship’s propeller noise, as well as local differences
in sound speed due to turbid water [76]. Inaccuracy and miscalibration of
measurement devices and the various systems correcting for external influences
(such as the pitching and rolling of the ship), can also negatively affect the
accuracy of a scan or even result in gross mismeasurements due to scanners
detecting their own presence. An example of this type of structural noise is
shown in Figure 3.2(a). For most applications, one needs to filter out nonpermanent features and gross errors, while for some applications also minor
noise has to be filtered out or levelled.

CUBE
Currently, sonar data is often cleaned by hand, possibly with the help of commercially available tools relying on statistical analysis of the data. Often, this
is a very tedious and time consuming process. Canepa et al. [43] give a good
overview of different types of algorithms and tools that have been proposed in
the literature.
Most of the commercially available tools for sonar data cleaning rely on
the CUBE algorithm (Combined Uncertainty and Bathymetry Estimator) [41].
The main goal of this algorithm is not so much to remove noise from the data
as it is to give depth estimates at the vertices (called estimation nodes) of a
grid laid over the terrain. The algorithm processes the input points one at a
time while maintaining depth estimates at each estimation node, along with
information about the accuracy of the estimates based on a statistical analysis
of the height and inaccuracy of data points in the neighbourhood of the node.
This results in a number of depth hypotheses for each estimation node, each
supported by a subset of the data points that roughly agree on the depth at
that location. After all data points have been processed, a selection needs to
be made as to which of these hypotheses are correct and which are formed by
19
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Chapter 3. Cleaning Massive Sonar Point Clouds
(b)

Figure 3.1: (a) Noise caused by fish. Black dots represent the input points.
The overlays show the front and back sides of one group of points. (b) Noisy
points above and below the seabed (resulting in spikes in the terrain model).
Data source: StatoilHydro.
spurious data points. After this is done the data can be cleaned by comparing
each input data point to the grid estimates. The hypothesis selection is handled
differently by different implementations, but is typically based on one or more
of the following methods:
• Selecting the hypothesis that is supported by the most data points.
• Considering a local neighbourhood around each estimation node with multiple hypotheses, finding the closest estimation node v for which there is
only one hypothesis, and then choosing the hypothesis at the current
node that is closest in depth to the hypothesis at v. The neighbourhood
is chosen as an annulus (ring) around the estimation node of a certain
pre-defined size (rather than a disc), since it seems to give better results
for bursty noise.
• Constructing a lower-resolution approximation of the surface to compare
against.
• Using an existing low-resolution, high-quality scan of the area to compare
against.
As high-quality scans are often not available for comparison, the last method
is not an option in most cases. The other methods work well for single, isolated
outliers, but for clustered noise, as in Figures 3.1(a) and 3.2, they often fail to
recognize noise, or if they do they often tend to also classify points on the top
of pipes lying on (or above) the seabed as noise. The latter is obviously a major
problem if the scan was made for pipeline maintenance.
Overall, one main problem with the CUBE method [41] for sonar data cleaning is that only a local neighbourhood around each estimation node is considered, and it may not contain enough information to make the right decision.
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Figure 3.2: Pipeline spanning a valley surrounded by a lot of structural noise.
(a-c) Pictures showing the same area from three different angles with a dot for
each input point. (The distortion of the pipeline in the horizontal direction is
likely the result of a failure to compensate for the motion of the scanner.)
(d) TIN visualization of a cleaned version of the same data.
Data source: StatoilHydro.
Indeed, according to the CUBE User’s Manual [42], for CUBE to work properly,
separate preprocessing is required to eliminate systematic errors and outliers.
Also, determining the best way to use information from the local neighbourhood
to select hypotheses is seen as an open problem [41]. Most other methods such
as the ones reviewed by Canepa et al. [43] also base their decisions in one way
or another on local neighbourhoods, leading to essentially the same problem as
with CUBE.

Our contribution
In this chapter we describe a new algorithm for automatic cleaning of massive
sonar data, which avoids the problems of local-neighbourhood based algorithms
while still allowing an efficient implementation.
In Section 3.1 we first characterize the different types of noise we found in
real datasets provided by the companies StatoilHydro, EIVA and others, and
discuss why existing local-neighbourhood based algorithms perform poorly for
some of these types. Then we describe our new algorithm, and finally we discuss
how it performs very well on various real datasets containing all the different
noise types. In particular, we show that (unlike existing local-neighbourhood
methods) our algorithm is capable of identifying large clusters of noisy points
— even clusters with large extent — while for example distinguishing them from
points on top of pipes lying on (or, more important, hanging above) the seabed.
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In Section 3.1 we also describe how our cleaning algorithm can be implemented to use O(sort(N )) I/Os under a practically realistic assumption about
the input data. The main ingredients in the algorithm are sorting of N elements,
triangulation of a set of N points in the plane, and computation of the connected components of a graph of size N embedded in the plane. As discussed,
the two first problems can be solved in O(sort(N )) I/Os with algorithms that
are practically efficient. To obtain a practically efficient O(sort(N ))-I/O cleaning algorithm, we in Section 3.2 describe a new simple and practical algorithm
for computing the connected components of a graph embedded in the plane.
The algorithm uses O(sort(N )) I/Os under the assumption that any horizontal line intersects at most M edges of the graph. In practice this assumption
means that we can handle graphs√with O(M 2 ) edges, as one would expect a
horizontal line to hit at most O( N ) edges. Thus the assumption certainly
holds for practically realistic memory sizes and datasets. We believe that this
algorithm is of independent interest since it only requires a sorting step followed by two scans over the graph. Using the practical algorithm of Agarwal
et al. [4] instead of our new connected component algorithm would result in a
cleaning algorithm without the assumption but using O(sort(N ) log(N/M ))
I/Os. Using the algorithm by Munagala and Ranade [99] we would obtain an
O(sort(N ) log log B) algorithm. However, as discussed, this algorithm is not
practical.

3.1

Cleaning sonar point clouds

In this section we describe our new theoretically and practically efficient algorithm for cleaning massive sonar point datasets. In Section 3.1.1 we first try to
characterize the different types of noise we have experienced in real-life datasets
and discuss why existing methods perform poorly for some of these types. Then
in Section 3.1.2 we describe our new algorithm, and finally in Section 3.1.3 we
discuss how the algorithm performs on various test datasets containing all of
the different noise types.

3.1.1

Sonar data noise

Different types of noise can often be found in MBES datasets:
1. Points that appear apparently at random above and below the seabed;
sometimes in larger groups. See Figure 3.1(b) for an example.
2. Points resulting from physical objects such as fish, forming larger groups
of outliers (as in Figure 3.1(a)).
3. Structural noise, often in the form of ribbons of points appearing along
the direction of movement of the echo sounder (as in Figure 3.2).
A main complication in the recognition and removal of noise of the above
types is that one typically also finds features on the seabed that are of prime
importance for the end user but can be hard to distinguish from noise. Typically such features are objects lying on the seabed or pipelines that either lie
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on the seabed or span a “valley” while being supported by “hills” on one or
both sides (see Figure 3.2). Existing algorithms can often handle the first type
of noise described above, since most points in the neighbourhood of random
and spiky noise points have approximately the same height (different from the
outliers). Thus it is easy to conclude on statistical grounds that a point is an
outlier. For the second type of noise, the effectiveness of traditional cleaning
methods typically depends on the size of the local neighbourhood they consider. They typically work well if the neighbourhood is so large that it includes
a considerable amount of real data points (clean seabed). If on the other hand
the group of outliers is so large that a good fraction or even the majority of
points in the neighbourhood is noise, the neighbourhood-based algorithms fail
(since they basically need to make an arbitrary decision as to which points are
noise and which are from the seabed or an object on the seabed). Finally, in
terms of structural noise the neighbourhood-based algorithms face the same
problems as for type-2 noise: for example, a pipeline spanning a valley may be
locally indistinguishable from a ribbon of structural noise, making it impossible
to make a well-founded decision based on local information only.
Since the main problem of most existing methods is the limited size of the
considered local neighbourhood, a natural way of improving them is to enlarge
the neighbourhood. However, this often makes it harder to compute a good
estimate of the terrain (seabed) height at a given position, since the terrain
may be very complex in a relatively large neighbourhood. Furthermore, since
the running times of the estimation methods are often very dependent on the
neighbourhood size, choosing a large neighbourhood may lead to impractical
running times.

3.1.2

Our cleaning algorithm

Given a point set P the algorithm first perturbs the horizontal positions of the
points in such a way that no two points have the same x- and y-coordinate,
resulting in a point set P̃ . This perturbation can be done by moving the members of a set of points with the same horizontal position to random positions
within a small disc centred around their original location. Next it computes a
TIN from P̃ as described in Section 1, by projecting the points onto the plane,
constructing a two-dimensional Delaunay triangulation of the projected point
set, and lifting this triangulation back to the original heights at the vertices.
Next, for each non-boundary edge e of the TIN an edge called e’s diagonal is
added between the two vertices opposite to e in the two triangles incident to e
(see Figure 3.3). From this new graph G (embedded in R3 ) the algorithm then
removes all edges uv where the difference in z-coordinate between u and v is
larger than a threshold τ to obtain a graph Gτ . Finally, the connected components of Gτ are computed and all vertices that do not belong to the largest
component are marked as noise.
The algorithm can easily be implemented to run in O(sort(N ) log log B)
I/Os: in order to give all input points a unique horizontal position we simply
sort the points lexicographically by their x- and y-coordinate, and then we
can in a simple scan perturb each member of a group of points that share the
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e

e0

Figure 3.3: Adding the diagonal e0 for an edge e in a TIN.
same x- and y-coordinate. As mentioned, the triangulation can be obtained in
O(sort(N )) I/Os [67, 86, 3], and the diagonals can then easily be added and
the relevant edges removed using a few sorts and scans. Since both the number
of vertices and the number of edges in G is O(N ), the connected components
can then be computed in O(sort(E) log log(V B/E)) = O(sort(N ) log log B)
I/Os [99]. Finally, after sorting the vertices by their connected component, all
noise vertices/points can be marked in two scans: one for counting component
sizes and one for marking all points that are not in the largest component.
Hence, the total number of I/Os is O(sort(N ) log log B).
Most of the steps of our algorithm can be implemented not only theoretically
I/O-efficiently but also practically efficiently, since as discussed in the introduction practical Delaunay triangulation and sorting algorithms have been developed and implemented. As also discussed, the known O(sort(N ) log log B)
connected component algorithm [99] is too complicated to be of practical interest, whereas the simpler practical algorithm [4] uses O(sort(N ) log(N/M ))
I/Os. However, in Section 3.2 we describe a new algorithm that is relatively
simple and practically efficient, and which under a realistic assumption uses only
O(sort(N )) I/Os. We have implemented and tested the resulting algorithm
on a number of massive MBES datasets.

3.1.3

Algorithm performance.

In this section we study the performance of our algorithm in terms of cleaning
quality. We also intuitively motivate the different parts of the algorithm and
discuss the effect of the threshold τ .
Overall cleaning performance. We first discuss the overall performance
of our algorithm in terms of the noise types identified in Section 3.1.1. Noise
caused by fish (type 2 above) provides a useful example to get intuition about
how and why the algorithm works. Consider the TIN shown in Figure 3.4(a),
where a fish above the surface is scanned. It is easy to see what happens when
we remove all edges of the TIN with a height difference more than τ : if the fish
swims further away from the seabed than this threshold, the edges connecting
its points to the points on the seabed are removed and the points on the fish
form a small connected component in Gτ and are therefore classified as noise.
Even though we do not catch fish swimming too close to the seabed, this is
probably the best we can do. If a fish swims too close to the seabed it could
just as well be a stone lying on the seabed. It is quite clear however that the
fish in Figure 3.4(a) is not an object on the seabed. The reason for this (and
a rule of thumb amongst manual data cleaners) is that if an object is resting
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(a)

(b)

Figure 3.4: (a) TIN of points on a fish that swims approximately 60 cm above
the seabed. (b) A stone blocking the view for the echo sounder (scanning from
the right).
Data source: StatoilHydro.
on the sea floor, also points on the side of the object will be captured by the
sonar since it is scanning the object at an angle. A cleaned version of the area
around Figure 3.4(a) is shown in Figure 3.8(b).
For the same reasons as for physical objects such as fish, our algorithm also
handles random outliers (type 1 above) well, as long as they are far enough from
the sea floor. Refer for example to the spikes below the terrain in Figure 3.8(a),
visible as lines of dark spots on the top side, that are removed by our algorithm
as shown in Figure 3.8(b).
For structural noise (type 3 above) the situation is more interesting. If the
noise forms dense ribbons we, as argued previously, get a pattern that is locally
indistinguishable from an elevated pipeline (for example Figure 3.2(a)). Still, as
illustrated in Figure 3.2 and 3.8(c)–(d), the algorithm correctly removes ribbons
of noise while keeping the pipeline intact. The reason is that if one looks along
the whole length of the pipeline it will at some point rest on the seabed or a
sandbank. This enables our algorithm to distinguish pipes from noise: points
on a pipe will be part of the same connected component as the seabed in Gτ
because the pipe physically “connects” to the seabed. On the other hand, the
points of a ribbon of noise are typically connected to each other but not to the
sea floor.
Algorithm intuition. The above discussion of how our algorithm handles
the different noise types also to some extend gives the intuition behind the
algorithm: defining a “closeness” relation on the input points by constructing
a surface graph from them, and then disconnecting parts of the graph that are
far away from the predominant surface. As surface graph we use a Delaunay
triangulation (a TIN DEM) but we could of course have used other graphs.
However, the Delaunay triangulation has a few specific advantages. First of
all, it always yields a connected and somewhat regular graph. This property
is useful especially in lower-resolution areas of the terrain (see Figure 3.4(b))
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(b)

removed

Figure 3.5: (a) TIN of points on a pipe and below it. (b) Pipeline partially
separated from the seabed, causing the algorithm without diagonals to remove
the black points, which are also on the pipeline.
Data source: StatoilHydro.

where for example a graph based on fixed-size neighbourhoods would leave
holes and might even disconnect the graph (note however, that this is not
directly related to the main problem with neighbourhood-based algorithms). A
second advantage of the Delaunay triangulation is that practical and efficient
construction algorithms are available. A possible alternative to using a TIN
(with diagonals) would be to use a 3D Delaunay triangulation. However, the
worst-case complexity of this triangulation is O(N 2 ), and although a worst-case
optimal O(N 2 /B)-I/O algorithm is known [86], the size of the triangulation
would make the cleaning algorithm inhibitingly slow both in theory and in
practice. Note that a consequence of using a planar triangulation is that it
does not allow points at different heights to share the same x- and y-coordinate.
Our algorithm works around this limitation by perturbing points with the same
horizontal position.
What is maybe less intuitive about our algorithm is the addition of diagonals. This added connectivity is needed to handle some cases of type-3 noise,
or rather, to distinguish such noise from a pipeline above the surface. When
an echo sounder scans a terrain with overhangs (where at some horizontal positions multiple true surfaces exist at different heights), it usually reports points
at the different heights because it is scanning at an angle. The triangulation of
such a point set typically consists of many spikes (both up and down), because
points on for example a higher surface may happen to only have edges to points
on a lower surface (see for example the close-up in Figure 3.5(a), where each
line of points on top of the pipe forms a separate component). Removing all
these long edges would result in the points being wrongly classified as noise (as
in Figure 3.5(b), where the black points are removed by the algorithm when
diagonals are not added). By adding the diagonals we make it much more likely
that a point is connected to at least one other point on the same surface. This
is actually what happens in most practical situations because of the high resolution of MBES point sets and the properties of the Delaunay triangulation.
Because the top of the pipe will be more or less evenly sampled, points along
the pipe connect to each other in Gτ through the diagonals. The points at the
place where the pipe is supported by the seabed then provide a connection, so
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(a)

Figure 3.6: Excerpt of dataset I.

(b)

(a) Raw.

(b) Cleaned.

Data source: EIVA.

there will be a path of neighbouring points between the top of the pipe and the
seabed. Hence, these points and the ones on the seabed form one component
in Gτ and the points will not be removed (see for example Figure 3.8(d)).
Detailed cleaning performance (threshold selection). The threshold τ
obviously has a major influence on the performance of our cleaning algorithm.
In the remainder of this section we discuss the effect of varying τ while also
further describing the algorithm’s cleaning performance.
In the examples shown in Figure 3.8 we used a threshold τ of 5 cm, which
is on the order of the scanner accuracy in those datasets. In general, we expect
picking τ a bit higher than the scanner accuracy (a few standard deviations, if
that is known) to yield a good result. The intuition behind this rule of thumb is
that when the terrain is sampled densely enough, sample points that are close
to each other on the surface of the terrain have a height difference that mainly
depends on the scanner accuracy. Then, we know that for two points on the
same surface, there will be a path of connected points in the triangulation for
which each two consecutive points have a height difference lower than τ . We
have a similar situation when an object is lying on the sea floor. For any point
p on an object of interest there will be a path of close points in G from p to a
point on the seabed. Because they are often scanned at an angle, at least on
one side there will be a curtain of points reaching from the top of the object to
the sea floor, establishing a connection that our algorithm will use to determine
that the points forming the object are not noise. Any point for which such a
path does not exist is therefore very likely noise.
In some cases a threshold corresponding to the scanner accuracy might be
too low and result in parts of the seabed being disconnected from the rest of
the seabed (due to low local point resolution). In such cases one would have
to use a higher threshold, and our experience is that in many cases it is still
possible to remove a large amount of noise using a relatively high threshold.
Below we discuss the effect of varying the threshold using four datasets that
contain moderate to extreme amounts of noise, as well as different features on
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Figure 3.7: Classification differences between manual and automatic cleaning.
(a) Dataset I (see Figure 3.6(a)) of about 7 million points (manual cleaning
removed 0.5% of these).
(b) Dataset II of about 7 million points (manual cleaning removed 1.7% of
these).
(c) Dataset IV (see Figure 3.2(a)) of about 6 million points (manual cleaning
removed 20.5% of these).

the seabed. Excerpts of the raw data are shown in Figures 3.6(a) (dataset I),
3.8(c) (dataset III), and 3.2(a) (dataset IV). Dataset II looks similar to dataset
I. For datasets I, II and IV we also had access to a manually cleaned version,
allowing for direct comparison. It should be noted though that some of this
manual cleaning was rather “rough”, so not all outliers were removed. Also for
an operator it is not always clear which points should be classified as outliers, so
two well-cleaned datasets (by different operators or automated methods) may
still have a large number of differently classified points. Nevertheless, we have
compared the number of points that are classified differently by our algorithm
and the manual process. The results of this comparison are shown in Figure 3.7
(note that the scale on the left indicates the percentage of presumed good points
that were removed by the algorithm, while the scale on the right indicates the
percentage of presumed outliers that were kept).
For datasets I and II we consider the results to be very convincing: at a
threshold of 5 cm 99.6% and 87% of the noise was removed, while only 0.4% and
0.3% of the points that were kept during manual cleaning were also removed.
For both datasets threshold values of 2 or even 1 cm still visually give very
good results, but as one can see the false-positive rates increase rapidly. For
dataset I there also exist some points in isolated parts of the point set at the far
end of the viewing angle of the scanner that are removed while they probably
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(a)

(c)

(b)

(d)

Figure 3.8: (a) Noise caused by fish, with a ribbon of noise in the front left,
and some noise below the seabed visible as dark lines on the top (indicated by
arrows). (b) Cleaned version of (a).
(c) A pipeline spanning a valley (close-up in Figure 3.5(a)), with structural
noise on the left. (d) Cleaned version of (c).
Data source: StatoilHydro.
represent the real sea floor. For most applications this would not be a big
problem, as such data is considered to be of inferior quality anyway. In both
datasets, increasing the threshold results (as one would expect) in an increase
of the false-negative rate and a decrease of the false-positive rate. Still, at
for example 50 cm the most visible and in that sense important outliers were
removed in both datasets.
For dataset III we did not have access to a manually cleaned dataset. However, visual inspection shows that at a threshold of 5 cm (with 5.7% of the
points marked as noise), the cleaning is effective and the pipeline is kept intact
(see for example Figure 3.8(d)). Like with datasets I and II, setting τ to 2 cm
keeps most of the terrain and specifically the pipeline intact, while at τ = 1 cm
some parts with poor resolution and parts of the pipe were removed.
Dataset IV is the most noisy dataset we have seen. According to the manual
cleaning, 20% of the points are outliers. At the same time the dataset contains
a poorly sampled pipeline spanning a valley, which creates problems at low
thresholds (where parts of the pipe are classified as noise). Therefore, increasing
the threshold to 35 cm results in a visually nicely cleaned dataset where all
ribbons of noise are removed, and compared to manual cleaning 81% of all
outliers and only 0.8% non-outliers are removed. Up to τ = 50 cm this is
still the case, but with higher thresholds more and more ribbons of noise start
appearing.
We conclude that for datasets with moderate noise and relatively good sampling conditions, our cleaning algorithm is both effective and leads to very few
false positives with hardly any intervention (and using the same threshold for
different datasets). Also for datasets with overhangs in the form of pipelines
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`v
w

Figure 3.9: Status during the down phase when processing vertex v. Open
vertices do not have any lower neighbours; square vertices are the lowest in
their component; arrows indicate augmented vertices.
the algorithm works very well. For data with extreme noise and poor sampling
conditions the algorithm still works effectively, but may require some work by
the operator, either by marking misclassified components or by increasing the
threshold.

3.2

Connected components

In this section we describe a practically and theoretically efficient O(sort(N ))I/O algorithm for computing the connected components of a graph G embedded
in the plane (possibly with intersecting edges). The algorithm assigns a label
to each vertex of G, such that two vertices have the same label if and only if
they are in the same connected component of G. However, it only works under
the assumption that any horizontal line intersects at most O(M ) edges of G.
Our algorithm is inspired by an algorithm due to Danner et al. [50, 51] for
computing the connected components in a two-dimensional bitmap.
Our algorithm consists of a down phase and an up phase. Both phases sweep
a horizontal line over the plane while maintaining connectivity information for
vertices incident to edges that cross the sweep line. For simplicity, we assume
that G does not contain any vertices without incident edges, and that the ycoordinates of all vertices of G are distinct. These assumptions can easily be
removed.
Consider a horizontal line `v through a vertex v of G and let G+
v denote the
graph induced by all edges of G with at least one vertex on or above `v . In
the down phase, we augment each vertex v with no neighbours below `v (open
vertices in Figure 3.9) with an arbitrary vertex w below `v that is in the same
connected component as v in G+
v , if existing (arrows in Figure 3.9). In the
up phase we then use the augmented information to compute the connected
component labels. Below we discuss the two phases in more detail.
Down phase. In the down phase, we sweep a horizontal line from y = ∞ to
−∞. Whenever the sweep line encounters a vertex v with no neighbour below `v
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we augment v with w as defined above. To be able to find w we maintain a data
structure D in internal memory during the sweep. The structure D maintains
upwards connected component information, that is, it maintains information
about which of the vertices on or below `v are in the same connected component
in G+
v (in Figure 3.9, the vertices with a grey background are in the upwards
connected component of v in D). The structure D is essentially a union–find
data structure supporting the following operations:
• Insertion of a vertex.
• Merging of two upwards connected components.
• Extraction of a vertex in D in the same upwards connected component as
the top vertex in D, if such a vertex exists.
• Removal of a vertex.
The assumption that the sweep line intersects O(M ) edges ensures that D
fits in internal memory.
More precisely, the sweep proceeds as follows: We scan the vertices of G in
decreasing order of y-coordinate. When processing a vertex v, we first insert v
in D if it is not there already. Then we load all edges having v as highest vertex
into memory. We do so by scanning the edges of G in order of the y-coordinate
of their highest vertex, along with the scan of the vertices. For each edge vw
we then check whether w is already in D. If not, we insert w in D and merge
the upwards connected component of v with the newly created component of
w. Otherwise, we simply merge the component of v with that of w. If no such
edge vw exists, that is, v has no neighbour below `v , we instead extract a vertex
in D in the same upwards component as v and augment v with this vertex w,
if existing. Finally, we remove v form D.
It is easy to realize that D is maintained correctly during the sweep, that is,
when the sweep line is at v, it contains information about which vertices on or
below `v are in the same connected component in G+
v . It immediately follows
that the down phase correctly augments each vertex v that has no neighbour
below `v with a vertex below `v that is in the same connected component as v
in G+
v (that is, in the same upward component).
Up phase. In the up phase we compute the connected components of G and
assign a label to each vertex. To achieve this, we also sweep a horizontal line,
but this time from y = −∞ to ∞. During the sweep, we maintain the invariant
that any vertex that has a neighbour below the sweep line has had its component
label assigned, that is, any two such vertices have the same label if and only
if they are in the same connected component of G. Thus, when the sweep line
reaches ∞ we have computed the connected components of G, that is, labelled
all vertices correctly.
While performing the sweep, we store all edges of G intersecting the sweep
line in internal memory. We also separately store all vertices incident to these
edges in internal memory, where each such vertex also stores the label assigned
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to it. The assumption that the sweep line intersects O(M ) edges ensures that
these vertices and edges fit in internal memory.
The sweep now proceeds as follows: We scan the vertices of G in order of
increasing y-coordinate, along with the edges of G in order of the y-coordinate
of their lowest vertex. From the down phase we know that when processing a
vertex v with no lower neighbour, it is augmented with a vertex w below `v that
is in the same component as v in G+
v , if existing. To determine v’s label we first
check if v is already stored in internal memory. If it is, that is, if it has a lower
neighbour, it has already been assigned a label. If not and v is augmented with
a vertex w, which must then be in internal memory, we assign the label of w
to v. If v is not augmented with a vertex we assign it a new label. Next we
load all edges with v as their lowest vertex into internal memory, while adding
v’s neighbour vertices to the vertices stored in internal memory and assigning
each such vertex the same label as v. Finally, we remove all edges that have
v as their highest vertex from internal memory, while also removing vertices
from internal memory that are left with no incident edges among the edges in
internal memory.
To see that the above algorithm maintains the invariant, first note that if v’s
label is correctly assigned then so are all other labels assigned when processing
v (since they are all assigned v’s label and are connected to v). In the case that
v is assigned the label of vertex w in internal memory, we know that v is in the
same connected component as w in G+
v and thus in G, and therefore the label
is correctly assigned. In case v is assigned a new label, we know that v is not
connected to any vertex below `v in G+
v and thus not to any vertex below `v in
G. Therefore the newly assigned label maintains the invariant.
I/O-complexity. The down phase requires the vertices to be ordered by decreasing y-coordinates and the edges by decreasing y-coordinates of their highest vertices. Similarly, the up phase requires the vertices to be ordered by
increasing y-coordinates and the edges by increasing y-coordinate of their lowest vertex. To bring the edges and vertices in this order, we simply sort them,
using O(sort(N )) I/Os. The remainder of the two phases consist only of scanning over sorted lists of vertices and edges taking O(N/B) I/Os. Thus the total
cost is O(sort(N )) I/Os.
Remark. We actually only need to sort the edges and vertices for the down
phase. The down phase can then simply push vertices and edges to I/O-efficient
stacks after they are processed. This will reverse the order for the up phase
and thus save a sorting step. Note that if the vertices and edges are given in
the correct order for the down phase, the cost of the algorithm can be reduced
to O(N/B) I/Os.

3.3

Conclusion and future work

In this chapter we described an algorithm for removing noisy points from multibeam sonar data that can handle arbitrarily large clusters of noisy points. As
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opposed to previous algorithms that base their decisions only on a local neighbourhood around each point, our algorithm can distinguish noise clusters from
points on top of physical objects like pipelines. We showed that the algorithm
can be implemented to be both theoretically and practically I/O-efficient, in
part due to the development of a new practical connected components algorithm. A version of the algorithm has already been incorporated in a commercial product.
Our results open up a number of interesting theoretical questions. First of
all, it would be interesting to quantify why our algorithm works so well. To do
so, one needs a mathematical model of noise. Existing such models are mostly
only concerned with noise caused by scanner inaccuracy and sample points
are assumed to be relatively close to the actual surface [53]. An algorithm is
then asked not to discard certain points, but to make the best estimate of the
surface’s position and topology. However, in our case a model would need to
consider the addition of high amounts of outliers to a terrain sample and ask for
algorithms to classify points to be noise or not. An interesting approach might
be to take a simple model of clustered outlier noise that considers samples in a
confined region of a smooth terrain to have a given probability of being an outlier (and thus lying relatively far away from the actual terrain). In this model,
our algorithm classifies a point p on the terrain within this region correctly, if
and only if there is a path in graph G from p to a point on the terrain outside
the region such that all consecutive points on the path are on the terrain. One
can model this as a colouring of the vertices of graph G: points on the terrain
are white and noise points are black. The cleaning quality of our algorithm
then depends on the connectivity of the subgraph of G induced by the white
points. The connectivity properties of graphs coloured randomly like this are
studied in the field of percolation theory. Indeed, a result that may shed light
on the cleaning quality of our algorithm has been obtained by Bollobás and
Riordan [34]. They consider random Voronoi percolation, which corresponds to
connectivity in randomly coloured Delaunay triangulations (without diagonals)
of infinite random point sets. The result they obtain concerns the critical probability in the setting where vertices are coloured white or black independently
with a given probability. The critical probability can be thought of as the highest possible probability of vertices being coloured black, before it becomes very
likely that the white vertices get separated into small connected components
(as opposed to one big component). Bollobás and Riordan prove this critical
probability to be 1/2. In short, percolation theory could be a possible way of
quantifying how well an algorithm like ours handles clustered noise. Thus it
would open up the possibility of comparing different variations of it, for example
based on other types of neighbourhood graphs.

Chapter 4
Computing Betweenness Centrality in
External Memory
Betweenness centrality is one of the most well-known measures of the importance of nodes in a social-network graph (see for example [29, 33, 37, 38, 62, 63,
91, 102]). Given an undirected graph G = (V, E), the betweenness centrality of
a vertex v ∈ V is defined as
CB (v) :=

1
·
2

X
s6=t∈V \{v}

σst (v)
,
σst

where σst is the number of shortest paths between s and t (σss = 1 by convention) and σst (v) is the number of shortest paths between s and t that contain v.
Since σst (v) = 0 if s and t are in different connected components, we consider
connected (and undirected) graphs in this chapter.
There are also other definitions of centrality, ranging from simple statistics,
like degree centrality [84] and closeness centrality [30], to sophisticated statistics, like Katz centrality [81] and random-walk/current-flow centrality [39, 103].
In terms of topological insights, however, betweenness centrality is superior to
these other statistics in measuring the importance of vertices for the sake of the
flow of information (or other commodities) along geodesic paths. For instance,
it has been used as a way to identify interdisciplinary journals in scientific
collaboration networks [91].
From a large-data algorithmic perspective, betweenness centrality is arguably the most interesting centrality measure as well. Simple centrality statistics, such as degree centrality and closeness centrality, can be computed trivially
from a graph’s representation or immediately after an all-pairs shortest-paths
computation; hence, they do not pose much of a computational challenge. Alternatively, sophisticated centrality measures, like Katz centrality and randomwalk centrality, seem to require matrix inversion computations; hence, they are
not practically computable for large networks, especially when those networks
are sparse, as is often the case. The best known algorithms for betweenness
centrality, on the other hand, avoid matrix inversions yet nevertheless involve
interesting graph traversals in addition to all-pairs shortest-paths computations
(e.g., see [37, 102]). Thus, our interest in this chapter is on efficient algorithms
35
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for computing betweenness centrality for the vertices in large networks, specifically when the space required for our algorithm is larger than our computer’s
internal memory. Therefore, our focus in this chapter is on external-memory
algorithms for computing the betweenness centrality of each vertex in a large
network.

Our contribution
The best internal algorithm for computing betweenness centrality is due to
Brandes [37] and runs in O(V 2 log V +V E) time for weighted graphs and O(V E)
time for unweighted graphs. Unfortunately, the algorithm, which we review in
Section 4.1, does not easily translate into an efficient external-memory algorithm, as it involves a large number of pointer hops (random memory accesses).
Although main memory size is often the primary constraint on the size of
the graphs for which one can compute betweenness centrality efficiently in practice [37], the betweenness centrality problem has not previously been considered
in the external-memory model.
In this chapter, we provide I/O-efficient and cache-oblivious algorithms for
computing betweenness centrality, both in weighted and unweighted graphs.
As mentioned above, to the best of our knowledge, no such algorithms were
previously known, even though I/O is often a constraint on the size of the
graphs one can compute betweenness centrality on in practice.
In Section 4.2, we consider unweighted graphs and describe how to obtain a
betweenness centrality algorithm using O(V · sort(E)) I/Os and O(E) space.
This algorithm is cache-oblivious. In Section 4.3, we consider weighted graphs
and describe a number of new external-memory algorithms. First, we show
E
E
how to obtain an O(V 2 + V B
log B
) I/O and O(E) space algorithm, which
works for general graphsp
but is admittedly not cache-oblivious.
p Next we deE
scribe an improved O(V · V E/B + V · B
log VB ) I/O and O(V · V E/B) space
algorithm for sparse graphs (where E < V B/ log V ). The algorithm performs
several phases with a number of concurrent instances of a shortest-path algorithm rather than just one phase with V concurrent instances. Interestingly,
this algorithm also improves the space
p of the best known weighted diameter
algorithm [47] from O(V 2 ) to O(V · V E/B), which may be of independent
interest. Finally, we describe a further improved algorithm for low-diameter
graphs, which are common for social networks that exhibit the “small world”
phenomenon (e.g., see [33]). This algorithm uses O(V E/B · diam(G)) I/Os and
O(V 2 ) space on a graph G with (unweighted) diameter diam(G); the algorithm
is cache-oblivious.

4.1

The betweenness centrality algorithm of Brandes

In this section we review the internal-memory algorithm of Brandes [37] for
computing betweenness centrality of a graph G = (V, E). The main idea of
the algorithm is to decompose the betweenness centrality of a node v into the
contributions of the shortest paths passing through v in G that start in each of
the other nodes. The sum of the contributions of the shortest paths starting in
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a node s ∈ V \ {v} to the betweenness centrality of v is called the dependency
of s on v, denoted δs (v), and is defined as follows:
X

δs (v) :=

t∈V \{v}

σst (v)
.
σst

The betweenness centrality of a vertex v is then equal to the sum of the dependencies of all vertices on v:
CB (v) =

1
·
2

X
s6=t∈V \{v}

σst (v)
1
= ·
σst
2

X

δs (v) .

s∈V \{v}

Below we describe an O(E) time and space algorithm for computing the
dependency values δs (v) for all v ∈ V for a particular s ∈ V in an unweighted
graph G (a graph where all edges have weight one). To compute CB (v) for all
v ∈ V we simply run this algorithm for each s ∈ V , and maintain for each v ∈ V
the sum of all δs (v) computed so far. Thus overall the betweenness centrality is
computed for all vertices in an unweighted graph G in O(V E) time using O(E)
space. At the end of the section we discuss how to extend the algorithm to the
weighted case.
Computing δs (v) for fixed s. Let Ps (v) be the set of predecessors of v with
respect to s, that is, the neighbours of v that are part of at least one shortest
path between s and v, and Ss (v) the set of successors of v with respect to s,
that is, the set of vertices w that are neighbours of v such that v is on at least
one shortest path from s to w. We now have the following:
Lemma 4.1 ([37], Lemma 3) For v 6= s,
X

σsv =

σsu .

u∈Ps (v)

Lemma 4.2 ([37], Theorem 6) For v 6= s,
δs (v) =

X
w∈Ss (v)

σsv
· (1 + δs (w)) .
σsw

The algorithm of Brandes [37] for computing δs (v) for all v ∈ V in O(E)
time and space first computes Ps (v) and Ss (v) for all v ∈ V in O(E) time
and space using a breadth-first search from s. During the breadth-first search
σsv can also easily be computed when visiting node v using Lemma 4.1, since
all vertices u ∈ Ps (v) are visited before v. Finally, the vertices are visited in
reverse breadth-first search order and δs (v) is computed when visiting v using
Lemma 4.2; this is possible since all vertices w ∈ Ss (v) have already been visited
when visiting v.
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Weighted graphs. The above algorithm can easily be modified to work for
weighted graphs, where we are given a weight function w : E → R+ . To
construct Ps (v) and Ss (v) for all v we use Dijkstra’s algorithm [54], rather than
a breadth-first search. The rest of the algorithm remains unchanged, so the
total running time becomes O(V E + V 2 log V ), since Dijkstra’s algorithm uses
O(E + V log V ) time.

4.2

An I/O-efficient algorithm for unweighted graphs

In this section, we show how to compute betweenness centrality for the vertices
of an unweighted graph G = (V, E) in O(V · sort(E)) I/Os and O(E) space.
Similar to the internal-memory algorithm of Brandes [37], our external-memory
algorithm computes a breadth-first search (BFS) tree from each vertex s in
G while using Lemma 4.1 to compute σsv for each vertex v 6= s (while also
maintaining for each vertex the sum of all δs (v) computed so far). However,
unlike the internal case we do not construct the BFS trees for each vertex s ∈ V
independently, since evenpwith the best known external BFS algorithm [95]
this would require Ω(V · V E/B) I/Os. Instead we modify the algorithm by
Chowdhury and Ramachandran [47] that constructs BFS trees from all vertices
s in O(V · sort(E)) I/Os in total. The main idea of the algorithm is that a
BFS tree from vertex s can be constructed more I/O-efficiently when a BFS
tree from a vertex s0 close to s is already known. This allows us to perform
reverse-order I/O-efficient processing of the BFS trees.
The algorithm first computes an ordering π of the vertices of G such that
the distance between consecutive vertices in π is small, and then it constructs
the BFS trees from the vertices in π one after the other, utilizing an incremental BFS algorithm. Below we first describe how to compute π and then we
describe the incremental BFS algorithm. After that we discuss how to modify
the BFS algorithm to compute betweenness centrality, and finally we analyse
the algorithm.
Computing π. The ordering π of the vertices used in the algorithm by
Chowdhury and Ramachandran [47] is constructed as follows. First an (arbitrary) spanning tree T of G is computed and then two directed edges uv and
vu are constructed for each undirected edge uv in T to obtain directed graph
T 0 . Then the edges of T 0 are ordered to form an Euler tour and the order
π = hs1 , . . . , s|V | i of the vertices in V is defined by the order in which they first
occur in the Euler tour.
Note that although the distance d(si , si+1 ) between two consecutive vertices
si and si+1 in π may be large, the sum of the distances between all consecutive
vertices in π is O(V ) since the length of the Euler tour is O(V ). Furthermore,
Chowdhury and Ramachandran [47] also prove the following property of π:
Lemma 4.3 ([47]) Let d(u, v) be the length of the shortest path between u
and v, and di = d(si−1 , si ) for 1 < i ≤ V . Then for any vertex v ∈ V ,
d(si , v) − di ≤ d(si−1 , v) ≤ d(si , v) + di .
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Incremental BFS. The main idea in the incremental BFS algorithm for
computing a BFS tree from si given a BFS tree from si−1 is to order the
adjacency lists of all vertices according to their level in the BFS tree for si−1 .
More precisely, assume the vertices in G are labelled with their distance from
si−1 in the BFS tree from si−1 and store the adjacency lists of vertices at
distance d in a list Ad ; within Ad the adjacency lists are ordered by vertex.
Lemma 4.3 above then implies that we are guaranteed to find the adjacency
lists for vertices at distance ` from si in some list Ak for ` − di ≤ k ≤ ` + di .
Using this property we now construct the BFS tree from si one level at a time
as in the algorithm by Munagala and Ranade [99]: Let L` denote the sorted
list of vertices at level ` in the BFS tree from si ; level L1 consists of vertex
si . Given the previous two BFS levels L`−2 and L`−1 , we construct L` by first
scanning L`−1 simultaneously with each list Ak , where ` − di ≤ k ≤ ` + di , and
inserting an edge uv in a list E` for each vertex v that is a neighbour of a vertex
u ∈ L`−1 . We then sort E` by the second vertex and scan it simultaneously with
L`−1 and L`−2 to remove any edges uv ∈ E` for which v ∈ L`−1 or v ∈ L`−2 .
This means that E` now contains edges uv connecting a vertex u in level ` − 1
with a vertex v in level ` of the BFS tree. Finally, we scan the sorted E` to
aggregate all edges u1 v, . . . , um v for a vertex v and append v to L` .
Computing betweenness centrality. To compute betweenness centrality,
we first modify the incremental BFS algorithm above such that it also computes
σsi v for each vertex v when computing the BFS tree from si . To do so we
augment each vertex u in the sorted list L`−1 of vertices at level `−1 in the BFS
tree from si with σsi u . We then modify our algorithm for computing L` from
L`−1 and L`−2 in order to be able to compute σsi v for each vertex v in L` . The
modification consists of annotating each edge uv in E` with σsi u , which allows
us to compute σsi v using Lemma 4.1 when aggregating edges u1 v, . . . , um v and
inserting v in L` . The annotation is performed simply by sorting the list E` of
edges uv by first vertex and then simultaneously scanning through E` and L`−1
to annotate each edge uv in E` with σsi u from L`−1 .
After constructing the BFS tree from si along with σsi v for each vertex v,
that is, the lists L1 , L2 , . . . of vertices at each level of the tree and the lists
E2 , E3 , . . . of edges between the levels, we compute δsi (v) for each vertex as
in Brandes’ algorithm [37] by visiting the vertices (levels) in reverse order. To
compute δsi (v) for all vertices u in L`−1 when δsi (v) has already been computed
for all vertices v in L` , we first annotate each edge uv in E` with δsi (v) and
σsi v by sorting E` by second vertex and simultaneously scanning E` and L` .
After that we sort E` by first vertex and scan the sorted list to obtain all
edges uv1 , . . . uvm incident to each vertex u in L`−1 and compute δsi (u) using
Lemma 4.2.
I/O complexity. To analyse our algorithm, first note that the ordering π can
be computed in O(V · sort(E)) I/Os using a minimal spanning tree algorithm
by Arge et al. [14] and standard external graph algorithm techniques [46, 116]
(see for example Chowdhury and Ramachandran [47]).
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To initiate the incremental BFS process, we generate the BFS tree from s1
in O(V + sort(E)) I/Os using the algorithm by Munagala and Ranade [99].
Now to construct the BFS tree from si and compute δsi (v) for all vertices v ∈ V ,
we sort the adjacency lists into lists Ak using O(sort(E)) I/Os and then we
construct the levels of the BFS tree one at a time and traverse them again in
reverse order. For level `, we scan lists A`−di , . . . , A`+di , so in total we scan
each list Ak O(di ) times, using O(di · E/B) I/Os. For each level we also scan
L`−1 once, so every level of the BFS tree is also scanned O(di ) times, using
O(di · V /B) I/Os in total. The remainder of the algorithm consists of scanning
and sorting the vertex and edge sets a constant number
of times using O(di ·
P
E/B + sort(E)) I/Os in total. Overall we use O( i (di · E/B + sort(E))) =
O(V · (E/B + sort(E))) = O(V · sort(E)) I/Os in total to construct and
traverse all of the BFS trees. The amount of space required is O(E), as we only
store the set of edges and vertices a constant number of times.
Theorem 4.1 Betweenness centrality for an unweighted and undirected graph
G = (V, E) can be computed in O(V · sort(E)) I/Os using O(E) space.
Remark: Using a cache-oblivious minimum spanning tree and Euler tour construction algorithm [13] rather than the I/O-efficient algorithms [14, 46], our
algorithm can easily be made cache-oblivious with the same I/O and space
bounds, since the incremental BFS algorithm is based only on sorting and
scanning of lists.

4.3

I/O-efficient algorithms for weighted graphs

In Section 4.1 we noted that Brandes’ internal-memory algorithm can also be
used for graphs G = (V, E) with positive edge weights w : E → R+ , by using a shortest-path algorithm instead of breadth-first search. Thus we can
E
E
obtain an O(V 2 + V B
log B
) I/O and O(E) space algorithm by running a
simple modification of the single-source shortest-path algorithm of Kumar and
Schwabe [87] from all V vertices. We describe this p
algorithm in Section 4.3.1. In
Section 4.3.2,
we
then
describe
an
improved
O(V
·(
V E/B+(E log V )/B)) I/O
p
and O(V · V E/B) space algorithm for sparse graphs where E < V B/ log V .
The algorithm is a modified version of the previous all-pairs shortest-paths algorithm by Chowdhury and Ramachandran [47] and by Arge et al. [17] that
computes shortest paths from multiple sources concurrently. In Section 4.3.3,
we consider the case of low-diameter graphs and describe an O(V E·diam(G)/B)
I/O and O(V 2 ) space algorithm, where diam(G) is the (unweighted) diameter
of G.

4.3.1

The general algorithm

In this section, we sketch the I/O-efficient single-source shortest-path algorithm
of Kumar and Schwabe [87], and then show how an additional step allows us
to compute betweenness centrality.
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The algorithm of Kumar and Schwabe is a modified version of Dijkstra’s
algorithm that relies on an I/O-efficient priority queue called the external tournament tree, which supports a DecreaseKey operation with a slightly unusual
semantic: Given an element x and a priority p, the operation updates the priority of x to p only if p is smaller than the current priority of x (inserting x if
it does not exist in the queue).
Lemma 4.4 ([87, 17]) Given a universe of N elements, an external tournament tree using O(B) internal memory can process a sequence of k DeleteMin,
Delete, and DecreaseKey operations in O( Bk log N
B ) I/Os in total.
I/O-efficient Dijkstra. To compute the shortest paths from vertex s to
all other vertices, Dijkstra’s algorithm [54] processes vertices in order of their
distance from s while maintaining a tentative shortest distance dt (s, v) from s
to all non-processed vertices. When processing a vertex v, each neighbour u of
v is retrieved and if dt (s, u) > d(s, v) + w(v, u) the tentative distance to u is
updated. To find the next vertex to process, unprocessed vertices are kept in a
priority queue with their tentative distance as their priority.
The two main challenges faced by external-memory implementations of Dijkstra’s algorithm are to determine which neighbour vertices are already processed
when processing a vertex, and which unprocessed neighbours need to have their
priority updated (decreased). The I/O-efficient shortest-path algorithm of Kumar and Schwabe [87] solves the second issue using the special semantic of the
external tournament tree. The first issue is solved by updating the priority of a
vertex irrespective of whether that vertex has already been processed, and using
a second tournament tree to take care of removing spurious updates, that is,
updates to already processed vertices, from the first one. Refer to [87, 116] for
E
details1 . This results in an algorithm using O(V + B
) I/Os in total for accessing
the adjacency lists of the vertices, and O(E) operations on the two tournament
E
E
trees using O( B
log B
) I/Os (Lemma 4.4). Hence, in total the algorithm uses
E
E
O(V + B
log B
) I/Os for computing the shortest paths from one source.
Computing betweenness centrality. For computing betweenness centrality, we first describe how we can compute the number of shortest paths σsv
and then the dependency δs (v) of s on each vertex v after having computed
d(s, v) for all vertices using the Kumar and Schwabe algorithm. To do so we
first compute the actual directed acyclic graph (DAG) of shortest paths from s
by identifying all edges vu where d(s, u) = d(s, v) + w(v, u). We can easily do
so by annotating edge vu with d(s, v) and d(s, u) in a few sorting and scanning
steps of the edges and vertices, similar to the way we annotated edges in the
algorithm in Section 4.2. Next we compute σsv for each vertex v by traversing the vertices in order of increasing shortest path distance d(s, v), and for
a vertex v summing σsw for each predecessor w of v (edge wv) in the DAG
1

The algorithm as presented by Kumar and Schwabe only works under the assumption
that no two vertices have the same shortest-path distance to s. However, this assumption can
be removed by carefully managing the elements in the priority queues to make sure that such
vertices are handled at the same time [116].
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(Lemma 4.1). We do so I/O-efficiently using the time-forward processing technique [46]: Initially we sort the edges by the shortest-path distance of their first
vertex (and secondarily by second vertex) and insert s annotated with σss = 0
in an external priority queue [12] with priority d(s, s) = 0. Then we visit the
vertices in increasing shortest-path order, and repeatedly obtain σsw for each
predecessor w of vertex v by performing DeleteMin operations on the priority queue, computing σsv , and then accessing all edges vu in the sorted list
of edges and inserting each successor u of v in the priority queue, annotated
with σsv . Overall the algorithm will scan through the sorted list of edges and
perform 2E Insert and DeleteMin operations on the priority queue. After
having computed σsv for each vertex v, we can compute δs (v) for each vertex
v in a similar way using Lemma 4.2 by processing the vertices in reverse order
of shortest-path distance using time-forward processing. Overall the algorithm
uses O(sort(E)) I/Os to compute σsv and δs (v), since it performs a constant
number of scans and sort steps along with 2E priority queue operations, which
can be performed in sort(E) I/Os [12].
Now to compute the betweenness centrality of each vertex v we simply
run the above algorithm with each vertex as source s, and compute CB (v) by
maintaining the partial sum of all δs (v), for all v ∈ V as in the unweighted
E
E
case in Section 4.2. Overall we use O(V · (V + B
log B
+ sort(E))) = O(V 2 +
E
E
VB
log B
) I/Os and O(E) space.
Theorem 4.2 Betweenness centrality for an undirected graph G = (V, E) with
E
E
positive edge weights can be computed in O(V 2 + V B
log B
) I/Os and O(E)
space.

4.3.2

The algorithm for sparse weighted graphs

The I/O bound in Theorem 4.2 is dominated by the O(V 2 ) term in case the
graph is sparse (when E < V B/ log V ). The term is a result of each of the
V individual shortest-path computations making V accesses to the adjacency
lists. In this section we describe an algorithm that reduces the I/O cost when
E < V B/ log V at the expense of using more space.
More precisely, we show
p
how to compute
betweenness
centrality
in
O(V
·(
V
E/B
+(E log V )/B)) I/Os
p
using O(V · V E/B) space.
Our algorithm builds on the all-pairs shortest-paths algorithms of Chowdhury and Ramachandran [47] and of Arge et al. [17]. The idea is to run multiple
instances of Kumar and Schwabe’s version of Dijkstra’s algorithm simultaneously to allow for faster access to the adjacency lists. However, in this case we
may not have enough space in main memory for the Θ(B) space of each of the
external tournament trees. Therefore, we below first describe how to modify
the external tournament tree to only use O(B/L) space in main memory for a
parameter L < B. We then run multiple shortest-path algorithms simultaneously, using only L instances of the modified tournament tree at the same time,
so we save O(L) accesses to load the single priority queues.
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Priority queue buffers. We now show how an O(B/L)-sized buffer in internal memory can help reduce the I/O cost for a sequence of operations on
an external tournament tree. Essentially the same idea was used for the slim
buffer heap of Chowdhury and Ramachandran [47], which achieves the same
I/O bound, but the slim buffer heap is based on the buffer heap instead of an
external tournament tree, unnecessarily complicating understanding and possible implementation of the algorithm.
Let Q be an external tournament tree as in Lemma 4.4, without using any
space in internal memory. We store a tournament tree buffer for Q containing
a set s(Q) of the |s(Q)| = O(B/L) smallest items in Q as well as an operation
buffer of size O(B/L). For any operation on Q we first try to perform it on
the buffer of Q, which we assume to be loaded in memory (while the root of
Q is still on disk). For a DeleteMin operation, we extract the minimum
item from s(Q) and return it. In case we run out of items, we load the root
of Q and perform O(B/L) DeleteMin operations on Q to refill s(Q). For a
DecreaseKey operation we first check whether the item occurs in s(Q) and
update it, otherwise we store the operation in the operation buffer. In case
the operation buffer is full, we load the root of Q in memory and perform all
O(B/L) buffered operations on Q. A Delete operation is handled in the same
way.
Lemma 4.5 The external tournament tree can be implemented to use O(B/L)
internal memory, for L < B, such that a sequence of k operations can be
L
processed in O(k · B
+ Bk log N
B ) I/Os in total.
Algorithm. Unlike the previous all-pairs shortest-paths algorithms [17, 47]
that run all V instances of the Kumar and Schwabe algorithm [87] simultaneously, we only run K instances simultaneously. We divide these instances into
K/L groups using 2 · L slim buffer heaps each. Note that this allows us to write
the L · O( B
L ) internal memory used by the L priority queues to disk, and read it
again from disk, in a constant number of I/Os. We now perform the V rounds
(each processing one vertex) of the Kumar and Schwabe algorithm one round
at a time simultaneously for all K instances. A round starts by loading the priority queue blocks for each of the K/L groups in order, and for each group use
the priority queues to determine the next vertex to be processed in the round
for L of the instances. This results in a list V with a node to be processed for
each of the K instances. To find the adjacency lists of all the vertices in V, we
then sort V by vertex and scan it simultaneously with the adjacency lists (also
sorted by vertex). This produces a list A of the relevant neighbour vertices
for all K instances. We then sort the vertices in A according to the group
and instance they belong to. We end the round by scanning A while loading
the priority queue blocks for each of the K/L groups in order, and update the
priority queues using the information in A. After finishing a set of K instances,
we compute the number of shortest paths σsv and the dependency values δs (v)
for these instances as in Section 4.3.1, that is, we build for each instance the
shortest-path DAG from its source s and use time-forward processing on this
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DAG to first compute σsv for all v ∈ V , and then δs (v) for all v ∈ V in a reverse
time-forward processing step.
Analysis. To run all V instances of the Kumar and Schwabe algorithm we
2
V
perform K
·V = VK rounds in total. In each of these rounds we use O(K/L) I/Os
to read and write priority queue blocks. Sorting and scanning all adjacency lists
takes O(sort(K)+E/B) I/Os per round. Sorting A takes O(V ·sort(E)) I/Os
in total for all instances, as each edge is used at most twice per instance. We also
L
E
perform O(E) operations on each tournament tree using O(V E B
+V B
log VB )
I/Os (Lemma 4.5). Finally, we use O(sort(E)) I/Os per instance for computing
σsv and δs (v), while computing the partial sums for CB (v) at no extra cost. In
total we use
 2
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I/Os, where 1 ≤ L ≤ B, and L ≤ K. As we need to maintain 2 · K tournament
trees, we use O(K · V + E) space.
We balance the number
of I/Os in the first two terms in the I/O bound
p
above by setting L = V B/E. Wepcan now adjust K to trade space for I/Os.
To optimize
for I/Os, we set K = V E/B ≥
pL, in which our algorithm uses
p
E
log VB )) I/Os and O(V · V E/B) space.
O(V · ( V E/B + B
Theorem 4.3 Betweenness centrality for an undirected
graph G = (V, E) with
p
E
log VB )) I/Os using
positive edge weights can be computed in O(V ·( V E/B + B
p
O(V · V E/B) space, given that E < V B/ log V .
Remarks:
(i) For graphs with E = O(V √
) the I/O improvement over the algorithm of
Section 4.3.1 is a factor of B.
p
(ii) By choosing a value for K < V E/B, one can trade I/Os for space.
(iii) The algorithm can also compute the weighted diameter, improving
the
p
space of the best known such algorithm from O(V 2 ) to O(V · V E/B).

4.3.3

The algorithm for low-diameter weighted graphs

In this section we describe an improved algorithm for weighted graphs with
small (unweighted) diameter. Specifically, given a graph G with unweighted
diameter diam(G), our algorithm runs in O(V E · diam(G)/B) I/Os and uses
O(V 2 ) space. The basic idea is to simulate a distributed variant of the BellmanFord algorithm (as used in distance-vector routing algorithms), where each vertex maintains a complete set of distance estimates to all other nodes. The algorithm repeatedly updates these distance estimates of the vertices by comparing
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them with those of neighbouring vertices. After all distances are found, we compute the shortest-path counts, dependency values, and betweenness centrality
for all vertices. A key feature of our algorithm is that it avoids the repeated
sorting and permutation steps required for a naive simulation. Below we first
describe the basic distributed Bellman-Ford algorithm for computing all-pairs
shortest paths. Then we describe our I/O-efficient variant of this algorithm and
the extensions necessary for computing the shortest-path counts, dependency
values, and betweenness centrality values for all vertices.
Distributed Bellman-Ford. Consider running the distributed Bellman-Ford
algorithm on a physical network consisting of a node for each vertex of G and
a connection between node u and node v in case there is an edge uv ∈ E.
Each node v maintains a distance vector containing values dt (v, w) < d(v, w)
for all w ∈ V . Initially, dt (u, v) = 0 in case u = v, and dt (u, v) = ∞ otherwise. Then, the algorithm runs at most diam(G) + 1 rounds in which the
distance vector of each node v is sent to each of its neighbours in the network,
after which d0t (s, v) = minu∈N (v) {dt (s, u) + w(u, v)} for all s ∈ V is computed,
where N (v) is the set of neighbours of v, and then sets dt (s, v) = d0t (s, v) for
all s ∈ V . Since any shortest path contains at most diam(G) edges, we are
sure that dt (s, t) = d(s, t) for all s, t ∈ V after diam(G) rounds. Since no distances change in the next round, we can detect when to finish without knowing
diam(G).
I/O-efficient shortest paths. For each vertex v we maintain the distance
vector (dt (v, v1 ), . . . , dt (v, v|V | )) as an ordered list in external memory. To
simulate a round, instead of making all updates for one vertex at a time,
which would require copying and sorting the distances, we make the updates
involving one edge at a time. In more detail, for each round we first set
d0t (u, v) = ∞ for all u, v ∈ V . Then, we scan the list of edges once, while
for each edge e = (u, v) scanning the distance vectors of u and v simultaneously. For each 1 ≤ i ≤ V , we set d0t (u, vi ) := min(d0t (u, vi ), w(u, v) + dt (v, vi ))
and d0t (v, vi ) := min(d0t (v, vi ), w(u, v) + dt (u, vi )). After finishing each round,
we set dt (s, t) := d0t (s, t) for all s, t ∈ V . We stop after the first round in which
none of the distance estimates change.
Shortest-path counts. Next we compute σst for all s, t ∈ V . Again, we run
diam(G) rounds, going through all edges once per round. For each s ∈ V , we
store estimates of the number of shortest paths from s to all other vertices in
a path-count vector (list) (σsv1 , . . . , σsv|V | ). We maintain for each estimate σst
whether it is (currently known to be) final. In each round we finalize the path
counts σst for which all predecessors of t with respect to s had final path counts
in the last round. In order to efficiently find out which path counts need to be
finalized in a round, we also maintain for each σst whether it is known to be
incomputable in the current round (because some predecessor has no final path
count yet).
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Initially we only set σss := 1 for s ∈ V , and these are final. At the beginning of each round we reset each non-final σst to 0 and record that it is not
incomputable. When processing an edge uv, we scan simultaneously over both
the distance and path-count vectors of u and v. We check for each vi whether
uv is tight with respect to vi , that is, whether d(v, vi ) = d(u, vi ) + w(u, v). In
case it is, and σvvi is not final and σuvi is final, we update σvvi := σvvi + σuvi .
In case σuvi is not final we record that σvvi is incomputable. If after completing
a round we have not found a certain σst to be incomputable, we are in fact sure
its current value is final and record this.
Dependency values. To compute δu (v) for all u, v ∈ V , we again proceed
in diam(G) rounds, but instead of checking for tight edges to predecessors, we
check for tight edges to successors with final dependency values. The dependency values for each vertex v ∈ V are stored as a dependency vector (list)
(δv1 (v), . . . , δv|V | (v)); initially δvi (v) = 0 for all i. When processing an edge
uv, we scan the dependency vectors of u and v as well as their path-count
and distance vectors, and update the dependency values of all vi by setting
δvi (u) := δvi (u) + σuvi /σvvi · (1 + δvi (v)) in case uv is tight with respect to vi ,
δvi (u) is not final, and δvi (v) is final.
Finally, we compute CB (v) for all v ∈ V by summing all values in the
dependency vector of v.
I/O complexity. For each of the three steps in the algorithm we scan the set
E
of edges once per round, taking O( B
) I/Os, and for each edge we scan at most
six vectors simultaneously (the distance, path-count, and dependency vectors
2
of both endpoints), taking O( VB ) I/Os per edge. It takes O( VB ) I/Os per round
to finalize and reset the distance, path-count, and dependency values. Hence,
2
E
in total we use O(diam(G) · ( B
+ E · VB + VB )) = O(V E/B · diam(G)) I/Os. The
algorithm uses O(V 2 ) space because it needs to store the three lists of length
V for each vertex.
Theorem 4.4 Betweenness centrality for a directed graph G = (V, E) with
diameter diam(G) and positive edge weights can be computed in O(V E/B ·
diam(G)) I/Os using O(V 2 ) space.
Remarks:
(i) The algorithm uses a factor O(B/ diam(G)) fewer I/Os than the algorithm
of Section 4.3.1 in case of graphs where E = O(V ). For graphs where
E
E ≥ V B/ log V , the improvement is only a factor O(log B
/ diam(G)).
(ii) As opposed to the other algorithms discussed in this chapter, the current
algorithm can easily be made to work for directed graphs.
(iii) The algorithm is cache-oblivious, since it only scans over lists.

Chapter 5
Multiway Cycle Separators and
I/O-Efficient Planar Graph Algorithms
As explained in Chapter 2, the existing I/O-efficient solutions to single-source
shortest paths [14], topological sorting [23, 22], and computing strongly connected components [25] achieve an I/O complexity of O(sort(N )), which is
substantially less than N I/Os. However, the time they use in internal memory is Ω(BN ) in the worst case which is comparable to that of the linear time
internal-memory algorithms applied naively to large graphs. This negative impact of the internal-memory computation on the total running time of these
algorithms has indeed been observed in several implementations of separatorbased algorithms. In order to see any speed-up over naive algorithms, a much
smaller block size had to be used than for other algorithms whose internalmemory computation is independent of the block size.

Our contribution
We present algorithms for computing single-source shortest paths in planar
graphs with non-negative edge lengths, topological sorting of planar directed
acyclic graphs (DAGs), and computing the strongly connected components of
planar graphs using O(sort(N )) I/Os and O(N log N ) time. Thus, in contrast
to previous algorithms for these problems, the amount of internal-memory computation performed by our algorithms is independent of the block size.
The high-level idea in our algorithms is simply to follow the framework of
the existing algorithms and use Klein’s multi-source shortest-path algorithm
for planar graphs [82] to reduce the amount of internal-memory computation
to O(N log N ). For this to work, however, we need a separator partition of the
graph that guarantees, in addition to the standard properties of planar graph
partitions, a constant number of boundary cycles per region in the partition.
No existing internal- or external-memory algorithm for computing separator
partitions guarantees this. Our main technical contribution therefore is an
algorithm for computing a multiway variant of Miller’s simple cycle separators [96] in linear time in internal memory (Section 5.2) or using O(sort(N ))
I/Os and O(N log N ) time in external memory (Section 5.3). These algorithms
do not use RAM-specific operations and therefore also work on a pointer ma47
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chine. Specifically, given a parameter ε, we show how to partition a graph with
weights on its vertices, edges, and faces that sum to 1 and a bound s on the
size (number of vertices on the boundary) of every face, into O(1/ε) regions
(collections of faces and their boundaries) such
√ that each region has weight at
most ε and O(1) boundary cycles of size O( εsN ).
The internal-memory algorithm for computing the above separators combines existing techniques for computing separators, such as separation trees
[10], simple-cycle separators [96], and recursive partitioning of regions to reduce
their boundary size [60], in novel and intricate ways. The external-memory algorithm employs the bootstrapping technique of [94] to obtain an I/O-efficient
separator algorithm from the internal-memory algorithm. The basic idea of this
bootstrapping approach is to apply graph contraction to obtain a constant factor smaller graph G0 from the original graph G, recursively compute a separator
partition P 0 of G0 , recover a suboptimal but “good enough” separator partition
P 00 of G from P 0 , use P 00 to perform BFS in G, and use the computed BFS tree
to obtain an optimal partition P of G. In contrast to the separator algorithm
of [94] (and similar to Miller’s algorithm [96]), our separator algorithm requires
a BFS tree of the face-incidence graph of G, which requires the bootstrapping
framework to alternate between the current graph and its dual. This introduces
a few complications.

Computing graph separators in internal memory
There exists a large body of work on computing planar separators, especially in
internal memory. In order to put our results in context, we review some of that
work here. Lipton and Tarjan [92] were the first to show that in linear time every
planar graph G can be partitioning into two subgraphs of size at most 2N/3
√
each and without edges between them by removing a set S of at most O( N )
vertices from G. Such a set S is called a vertex separator. With the motivation
to speed up shortest-path computations on planar graphs, Frederickson [60]
extended this result to obtain a multiway separator : given a parameter r, G
can be partitioned into O(N/r) subgraphs of size at most r and with boundary
√
size O( r), where the boundary size of a region is the number of vertices it
shares with other regions. Frederickson’s algorithm to compute such a partition
takes O(N log N ) time, by applying Lipton and Tarjan’s algorithm recursively.
Aleksandrov and Djidjev [10] showed that essentially the same partition can be
computed in linear time. Their main technique is the use of a separation tree:
given a spanning tree T of G, the graph T ∗ containing all edges dual to non-tree
edges of G is a spanning tree of the dual of G, and an appropriate partition of
T ∗ induces the desired partition of G. Miller [96] extended Lipton and Tarjan’s
result in a different direction by showing that, given that the maximum face
√ size
is s, it is in fact possible to compute a simple cycle C of length at most O( sN )
in G such that at most 2N/3 vertices lie on either side of the cycle. C is called
a simple cycle separator of G. To the best of our knowledge, no work has been
done on multiway simple cycle separators, probably mostly because it is not
clear what structural properties to require of such a separator: a single simple
cycle cannot partition the graph into more than two regions, and if more than
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one cycle is required/allowed, what are the structural properties one should ask
the separator to have?
Our definition in this chapter is a natural one: Miller’s simple cycle separator partitions the graph into two subgraphs with a boundary size equivalent to
the one guaranteed by Lipton and Tarjan’s algorithm, and each subgraph has
exactly one boundary cycle. Our multiway separator partitions the graph into
√
O(N/r) subgraphs of size at most r and boundary size O( sr), the equivalent of
Frederickson’s partition, and each region has O(1) boundary cycles. As we show,
this is also the right partition to guarantee that we can solve a number of problems on planar graphs efficiently in both internal and external memory at the
same time. Previous results relied on Maheshwari and Zeh’s Frederickson-style
graph partition to compute single-source shortest paths, topological sorting, and
strongly connected components using O(sort(N )) I/Os but O(N log N + BN )
time in internal memory. By guaranteeing a bound on the number of boundary
cycles of each region, we can replace the naive implementation of the internalmemory computation of these algorithms with Klein’s multi-source shortestpath algorithm (see Section 5.4) and thereby reduce the internal-memory computation to O(N log N ).

5.1

Preliminaries

In this section, we introduce the necessary notation and terminology for embedded planar graphs and their duals as used in this chapter, including a formal
definition of multiway cycle separators.
Basic definitions. For a graph G, we use V (G) and E(G) to denote its vertex
and edge sets, respectively. If G is clear from the context, we simply write V
and E for V (G) and E(G), respectively. A planar embedding E(G) of G is
a drawing of G in the plane such that no two edges intersect, except in their
endpoints. G is planar if it has a planar embedding. A planar graph G equipped
with a given embedding E(G) is often referred to as a plane graph. We use E(v)
and E(e)Sto denote the image of vertex v or edge e under this embedding, and
E(S) = x∈S E(x), for any set of vertices and edges of G. The faces of an
embedding are the connected components of R2 \ (E(V (G)) ∪ E(E(G))). We
denote the set of faces of G by F (G). The boundary ∂f of a face f is the set
of vertices and edges contained in f ’s closure. The size of a face is the number
of edges on its boundary. A region is defined as a collection R of faces and
their boundaries, excluding all vertices and edges that are on the boundary of
at least one face not in R. The latter constitute the boundary ∂R of R. We use
R̄ := R ∪ ∂R to denote the closure of a region. We call a region R connected
if it is connected in the topological sense. Given a weight function w assigning
weights to the vertices, edges, and faces of a plane graph G, the weight of a
region or subgraph of G is the sum of the weights of the vertices, edges, and
faces it contains. A simple cycle C is a collection of vertices and edges of G such
that E(C) is homeomorphic to S 1 (a closed loop). R2 \ E(C) has two connected
components, one bounded and one unbounded. We call the former the interior
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of C and the latter the exterior of C. The region enclosed by a cycle C is the
collection of vertices, edges, and faces embedded in C’s interior. The weight
enclosed by C is the weight of the region enclosed by C. The boundary ∂R of
a region R is the union of a set of simple cycles, which we call boundary cycles
of R. For exactly one of these cycles C ⊆ ∂R, R is in C’s interior. We call this
cycle the outer boundary of R and the other boundary cycles of R holes.
Dual-related structures. The dual G∗ of a plane graph G contains one
vertex f ∗ for each face f of G. For every edge e of G on the boundary of faces
f1 and f2 , G∗ contains an edge e∗ with endpoints f1∗ and f2∗ . We call f ∗ the
dual of face f and e∗ the dual of edge e. G∗ is planar, and an embedding of G∗
is obtained naturally from the given embedding of G. Given a spanning tree
T of G, the graph T ∗ containing every edge of G∗ whose dual does not belong
to T is a spanning tree of G∗ . We call T ∗ the dual of T . Every non-tree edge
e of G w.r.t. T defines a fundamental cycle fc(e), which consists of e and the
path between e’s endpoints in T . If T ∗ is rooted in the vertex representing G’s
outer face, then the descendant nodes of e’s dual edge e∗ are the dual vertices
of the faces in the region enclosed by fc(e). The face incidence graph Gf of
G is closely related to the dual. It has one vertex f ∗ per face f of G and an
edge f1∗ f2∗ if and only if the boundaries of faces f1 and f2 are non-disjoint. The
vertex-on-face graph Gvf contains every vertex of G and one vertex f ∗ per face
f of G and contains an edge vf ∗ if vertex v is on the boundary of face f .
Simple cycle ε-separators. Given a parameter 0 < ε < 1 and a function
that assigns weights to the vertices, edges, and faces of G such that the total
weight of G is 1 and any face has weight at most ε, a simple cycle ε-separator
of a 2-edge-connected planar graph G is a 2-edge-connected subgraph S of G
together with a grouping of the faces of G into O(1/ε) regions with the following
properties:
(i) all faces of G embedded inside the same face of S belong to the same
region;
(ii) the weight of each region is O(ε);
√
(iii) the boundary of each region has size O( εsN );
(iv) every region is either connected or shares boundary edges with at most
two other regions, which must be connected; and
(v) the boundary of each connected portion of each region consists of O(1)
simple cycles.
We use G − S to denote the set of connected regions into which S divides G.
The boundary sets of S are the maximal sets of boundary vertices incident to
the same regions.
In general, we use multiway (simple) cycle separator to refer to a simple
cycle ε-separator in case ε is clear from the context or unspecified.

5.2. Computing multiway simple cycle separators in linear time
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Computing multiway simple cycle separators in
linear time

This section presents our main result in this chapter: a linear time algorithm
for computing multiway simple cycle separators, as summarized in the following
theorem.
Theorem 5.1 A simple cycle ε-separator can be computed in linear time.
Our algorithm to compute such a separator follows the standard framework
used in almost all planar separator algorithms starting with Lipton and Tarjan’s
seminal result, but it has a few non-trivial twists. We proceed in three steps.
Step 1 computes a BFS tree and chooses appropriate levels of the tree as
the first part S1 of the separator. Just like Miller’s algorithm, we use BFS
in the face-incidence graph of G instead of G and then choose S1 to consist
of the boundaries between faces on appropriate pairs of consecutive levels. S1
partitions G into two types of regions: light ones of weight at most ε and
containing at most εN vertices, and heavy ones of weight greater than ε or
with more than εN vertices but of small diameter. There are two complications
here. As in Miller’s algorithm, we cannot actually guarantee low diameter of
the heavy regions. We can, however, identify a low-diameter subgraph R0 of
each heavy region R such that each face of R0 contains a subgraph of R of
weight at most ε, as well as construct a low-diameter spanning tree of R0 . A
multiway simple cycle separator of R0 is also a multiway simple cycle separator
of R, so Step 2 focuses on partitioning each such subgraph R0 into subregions of
weight at most ε and with at most εN vertices. The second complication is that
S1 may consist of too many simple cycles. We remove simple cycles between
adjacent light regions as appropriate to reduce the number of light regions and
simple cycles to O(1/ε) while keeping the resulting regions light.
Step 2 partitions each heavy region R into light subregions and is divided
into two substeps. Step 2.1 chooses a number of fundamental cycles of the
spanning tree T of R0 to partition R. We cannot yet guarantee that the resulting subregions are light because this may require too many fundamental cycles.
(Aleksandrov and Djidjev’s application of separation trees used the fact that
T ∗ has degree three if G is a triangulation, in which case a greedy partition
of T ∗ into subgraphs of weight at most ε induces a collection of O(1/ε) fundamental cycles partitioning R into subregions of weight at most ε. We cannot
use this strategy because T ∗ does not have constant degree in our algorithm.)
What Step 2.1 produces is a partition of T ∗ into O(1/ε) subtrees Ti∗ (thus corresponding to O(1/ε) fundamental cycles) such that the subtrees of Ti∗ rooted
in children of the root each have weight at most ε and represent regions with
at most εN vertices. Each such subtree of Ti∗ spans a subregion of weight at
most ε of the region Ri0 spanned by Ti∗ , and each such subregion shares at least
one edge with the face f corresponding to the root of Ti∗ . Step 2.2 computes a
“nesting tree”, which captures the attachment of these subregions to f and then
applies a procedure very similar to Step 2.1 to partition this nesting tree into
subtrees of weight at most ε. Once again, we cannot guarantee that this pro-
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duces only O(1/ε) regions, but this time the regions can be grouped naturally
to reduce their number to O(1/ε). This is what Step 3 does.
The procedure outlined so far produces a partition into the right number
of regions of the right size, with the right weight, and with the right total
boundary size. The boundary of an individual region, however, may be too
large and may consist of too many simple cycles. Step 3 therefore subdivides
regions further to ensure each individual region has a small boundary consisting
of only O(1) simple cycles. We do this in a manner very much like the final step
in Frederickson’s algorithm, but using Miller’s simple cycle separator algorithm
instead of Lipton and Tarjan’s algorithm. The final step is to group connected
regions in a manner very similar to Frederickson’s algorithm to reduce the
number of regions to O(1/ε).

5.2.1

Step 1: Partition into small or low-diameter regions

In this section, we compute the first part S1 of the separator, which partitions
the graph into few regions that are either light or of low weighted diameter,
as summarized in the following lemma. Given the current separator, we define
the weighted diameter of a graph to be the maximum number of non-separator
edges of any path in the graph.
Lemma 5.1 Given a parameter ε, 0 < ε < 1, and a 2-edge-connected plane
graph G with maximum face size s and maximum face weight at most ε, it takes
0
linear time to compute (i) a 2-edge-connected subgraph
√ G of G whose faces have
weight at most ε and boundary size at most max(s, εsN ) each and (ii) a set
S1 ⊆ E(G0 ) consisting of O(1/ε) edge disjoint simple cycles that partition G0
into O(1/ε) connected regions, each either of weight at √
most ε and containing at
most εN vertices or of weighted
diameter
at
most
O(
εsN ). The total length
p
of the cycles in S1 is O( sN/ε).
As already explained, we implement
this step in two substeps. First we find
p
a superset S1,1
⊇
S
of
size
O(
sN/ε)
that
splits G into regions with weighted
1
√
diameter O( εsN ). Then we remove all but O(1/ε) cycles from
√ S1,1 , which
may increase the weighted diameter of some regions beyond O( εsN ). If the
region is light, this is no problem. For a heavy region, we merge some of its
0
faces to obtain G0 and ensure
√ that the portion of G contained in each region
has weighted diameter O( εsN ).
Step 1.1: Partition into low-diameter regions
To compute S1,1 , we construct a breadth-first search (BFS) tree Tf of the face
incidence graph Gf of G, starting from an arbitrary root face. To compute this
BFS tree in linear time (and I/O-efficiently in Section 5.3), we construct the
vertex-on-face graph Gvf of G, and compute a BFS tree Tvf of Gvf rooted in an
arbitrary face vertex of Gvf . Tf can be obtained from Tvf by making every face
vertex a child of its grandparent in Tvf and then deleting all vertices of G from
Tvf . Let Li be the vertices of Tf at distance i from the root, and let Fi be the
set of vertices and edges that are each incident to a face in Li and a face in Li+1
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F0
Fk
Fk+√εN/s
chosen frontiers

Fk+2√εN/s
Fk+3√εN/s

Figure 5.1: BFS and frontiers in Step 1.1.
(see Figure 5.1). Fi forms a set of edge-disjoint simple cycles that separate the
faces in L0 , L1 , . . . , Li from the faces in Li+1 , Li+2 , . . . . We call Fi the level-i
frontier.
Each vertex or edge belongs to at most
one frontier, so by the pigeon
p
holepprinciplepwe can choose 0 ≤ k < εN/s such that there are at most
N/ εN/s = sN/ε edges in S1,1 := Fk ∪F √
∪F √
∪F √
∪
k+

εN/s

k+2

εN/s

k+3

εN/s

· · · . These frontiers can clearly also be selected in linear time. It is not
√ hard to
prove that each region of G − S1,1 has weighted diameter at most εsN . We
do not prove this here because what we really require is that every region of
G0 − S1 has this diameter. We construct G0 and S1 in the next step.
Step 1.2: Reducing the number of boundary cycles
The reduction of the number of boundary cycles is achieved in two steps. We
use a nesting tree T of the regions of G − S1,1 (faces of S1,1 ). In the first
step, we ensure this tree has only heavy leaves by merging leaves into their
parents. This step also modifies G to obtain the subgraph G0 ⊆ G whose
regions have low weighted diameter. This ensures that there are only O(1/ε)
regions corresponding to leaves or heavy regions and, hence, only O(1/ε) regions
corresponding to internal nodes with at least two children. The second step
merges pairs of adjacent light regions corresponding to internal nodes with
only one child, in order to reduce their number to O(1/ε) while keeping their
weight and size bounded by ε and εN , respectively.
Computing a nesting tree with few leaves. To compute the nesting tree,
we compute the dual G∗ of G and remove all edges dual to edges in S1,1 . The
regions of G − S1,1 correspond to the connected components of the resulting
subgraph of G∗ , and we create one vertex in T for each region. Then we add one
edge to T for every pair of regions that share a boundary edge, which ensures
that T is a tree since S1,1 is a set of edge-disjoint simple cycles. We root T in
the node representing the region containing the outer face of G. Next we assign
weights to the vertices of T that capture the weights of their corresponding
regions. In particular, the weight of every face f of G is assigned to the node
of T representing the connected component of G∗ that contains f ∗ . For every

54

Chapter 5. Multiway Cycle Separators

vertex or edge x of G, we choose an arbitrary incident face f and add x’s weight
to the node of T that received f ’s weight. We also define a region size of each
node x of T , which is the number of vertices of G that assigned their weights to
x. Note that this ensures that the total weight and the total region size of the
nodes in any subtree T 0 ⊆ T are upper bounds on the weight and the number
of vertices in the region of G represented by T 0 . Every edge of T represents
a simple cycle in S1,1 that separates the regions corresponding to the subtrees
on either side of the edge. We call an edge of T heavy if the subtree below it
has weight greater than ε or region size greater than εN . Otherwise the edge
is light. First we traverse T and identify all light edges whose parent edges
are heavy. We call these edges critical edges and their corresponding cycles in
S1,1 critical cycles. We remove all critical edges and their descendant edges
from T , and we remove the cycles corresponding to the removed edges from
S1,1 , thus obtaining a reduced separator S1,2 ⊆ S1,1 . This ensures that every
leaf of T represents a heavy region of G − S1,2 , but the weighted diameters of
heavy regions√may be large. Next we show how to reduce the diameter of heavy
regions to O( εsN
√ ) again while keeping the face weight and face size bounded
by ε and max(s, εsN ), respectively.
Constructing G0 from G. Consider a heavy region R of G−S1,2 , and let R00
be the subgraph of R obtained by removing all vertices and edges enclosed by a
critical cycle in R. Each face of R00 is either a face of G or a critical cycle. Let C
be such a critical cycle, and let RC be the region of R enclosed by C. Since RC
has weight at most ε, we can arbitrarily merge faces in RC without creating a
face of weight greater than ε. Recall that C is part of a frontier Fi . We consider
the portions of frontiers Fi , Fi+1 , . . . , Fi+√εN/s−1 that belong to RC . By the
pigeon hole principle and because RC has at most εN
√ vertices, there exists one
frontier Fj among them that contributes at most εsN vertices to RC . We
remove all vertices and edges of RC enclosed by cycles of Fj contained in RC
0 ⊆ R . We call the resulting faces of R0 pruning
to obtain a subgraph RC
C
C
faces. By performing this transformation on each portion RC of R enclosed by
a critical cycle C in R, we obtain a pruned subgraph R0 ⊆ R. We obtain G0 by
replacing each heavy region R of G − S1,2 with its pruned subgraph.
Lemma 5.2 For every heavy region
subgraph R0 ⊆ R
√ R of G − S1,2 , the pruned
has weighted √
diameter at most 4 εsN . Every face of R0 has boundary size at
most max(s, εsN ) and weight at most ε.
Proof. We already argued that every face of R0 has weight at most ε because
it is either a face of G or is enclosed in a critical cycle. If it is a face of G, √
its size
is at most s. Otherwise it is a pruning face and, thus, has size at most εsN .
0
0
To bound the diameter of
√ R , it suffices to show that every0 vertex of R has a
path of length at most 2 εsN to the outer boundary of R because the outer
boundary of R0 does not count towards the diameter (it is part of S1,2 ). Let
the outer boundary of R0 be part of a frontier Fi . Every vertex of R0 is on the
boundary of a face f of R0 that
such that f ∗ belongs to some
pis a face of G and
0
∗
level Lj of Tf with j − i ≤ 2 εN/s. Let (f ) be f ∗ ’s ancestor in Li . Then
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√
distR0 (u, v) ≤ s · (j − i) ≤ 2 εsN , for every vertex u on f and every vertex v
on f 0 , because the dual of every vertex on the path in Tf from f ∗ to (f 0 )∗ is a
face of R0 and has size at most s. One of the vertices of f 0 must belong to Fi
0
and, hence,
every vertex of f has distance
√ to the outer boundary of R . Thus,
at most 2 εsN from the outer boundary of R0 .
t
u
Even though we will further reduce S1,2 to obtain a separator S1 ⊆ S1,2 ,
this reduction will only affect light regions. Thus, Lemma 5.2 shows that the
heavy regions of G0 − S1 have the required structure. For Step 2 it is important
that we can find a particular spanning tree of each heavy region of G0 − S1 , as
stated in the following lemma.
Lemma 5.3 Every heavy region
R0 of G0 − S1,2 has a spanning tree T 0 of
√
weighted diameter at most 4 εsN and such that every boundary cycle of R0
contributes all but one of its edges to T 0 .
Proof. As shown
in the proof of Lemma 5.2, every vertex of R0 has dis√
tance at most 2 εsN from the outer boundary of R0 (or from the frontier F0
if R0 is the region including the outer face of G0 ). Thus, a shortest-path tree
of R0 rooted in√a vertex on this outer boundary (or on F0 ) has weighted diameter at most 4 εsN . Such a tree T 00 can be computed in linear time using a
straightforward adaptation of standard BFS because the edges have weight 0
or 1.
All the edges of T 00 are directed away from the root. For every boundary
cycle C of R0 , we remove all edges with head in C from T 00 , except one edge
whose tail does not belong to C and whose head has the smallest distance from
the root of T 00 among these edges. If C is the outer boundary of R0 , we remove
all edges with head in C. Then we add all edges of C, except one, to T 00 . It
is easily verified that the resulting graph T 0 is a tree, has diameter no greater
than that of T 00 , and includes all edges of each boundary cycle, except one. t
u
Merging light regions. The final step is to merge light regions to reduce
their number to O(1/ε). We consider maximal paths in T such that all nodes
on such a path P represent light regions and have only one child each. We
traverse each such path from one end and find the longest prefix P 0 such that
the total weight of the nodes in P 0 is no more than ε and the total vertex count
of these nodes is no more than εN . We remove all cycles corresponding to
edges in P 0 from S1,2 and then proceed to the first node in P after P 0 . Starting
with this node, we once again find a prefix of the remainder of P as above and
remove the cycles corresponding to its edges from S1,2 . We continue until we
have consumed all of P in this fashion. The cycles not removed from S1,2 once
we are done processing all such paths P in T in this manner constitute the final
separator S1 produced by Step 1 of our algorithm.
Clearly, this reduction of S1,2 to S1 does not affect heavy regions, and we explicitly ensure that the regions produced by merging light regions are themselves
light. Thus, all regions of G0 − S1 have the properties stated in Lemma 5.1. To
bound the number of regions, consider the tree T 0 obtained from T by replacing
each subpath P 0 in the above procedure with a single node. There are at most
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4/ε nodes in T 0 that are of weight greater than ε/2 or have vertex count greater
than εN/2. Since every leaf of T 0 is heavy and the number of internal nodes
with at least two children is bounded by the number of leaves, there are at
most 8/ε nodes of weight greater than ε/2, vertex count greater than εN/2 or
with at least two children. We call these nodes semi-heavy and all other nodes
semi-light. Every semi-light node v must be the parent of a semi-heavy node
because otherwise the processing of paths of degree-1 nodes above would have
merged v and its child. Thus, there are at most 8/ε semi-light nodes, and the
total number of regions of G0 − S1 is at most 16/ε.

5.2.2

Step 2: Splitting heavy regions

The second step of our algorithm produces a separator S2 that partitions G
into regions of size at most εN and weight at most ε, as stated in the following
lemma.
Lemma 5.4 Given a parameter ε, 0 < ε < 1, and a 2-edge-connected plane
graph G with maximum face size s and maximum face weight at most ε, it takes
linear time to compute a subgraph S2 ⊆ G such that every
p region of G − S2 has
at most εN vertices and weight at most ε, S2 has O( sN/ε) edges, and every
connected component of S2 is 2-edge-connected. The total number of holes of
the regions of G − S2 is O(1/ε).
We obtain S2 by augmenting the separator S1 produced by Step 1. Furthermore, it is sufficient to obtain a separator S2 that partitions G0 into regions
because G0 ⊆ G and every face of G0 has weight equal to the total weight of
the portion of G embedded in it. The light regions of G − S1 do not need
to be partitioned further. We partition every heavy region R of G − S1 into
light subregions in two steps. In Step 2.1, we use the separation tree technique
by Aleksandrov and Djidjev [10] to partition R into O(1/ε) parts composed of
subregions of weight at most ε and size at most εN that each share at least
one edge with a “root face” f . This partition is obtained by adding O(1/ε)
fundamental cycles w.r.t. the low-diameter spanning tree produced in Step 1 to
the separator. In Step 2.2, we use a nesting forest that captures how certain
subregions combined with f enclose other subregions, in order to obtain a partition in which all regions are small. As already stated in the introduction of
this section, the reason why we need to follow this two-step approach is that
the separation tree technique can be used to produce a partition into small regions using few fundamental cycles only if the dual spanning tree has constant
degree. Since the faces of G0 do not necessarily have constant size, we cannot
guarantee this here.
Step 2.1: Separation tree decomposition
Recall that every heavy region R of G0 − S1 has a low-diameter spanning tree
T . Let T ∗ be the dual spanning tree of T . Note that T ∗ also includes vertices
corresponding to faces bounded by the boundary cycles of R and which as such
do not belong to R. We assume that these faces and the boundary vertices and
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edges of R have weight 0 so that R viewed as an embedded planar graph has
the same weight as R viewed as a region, that is, as a collection of faces of G0
and their boundaries. We assume that T ∗ is rooted in the vertex corresponding
to the outer boundary of R. Slightly extending the separation tree technique
of Aleksandrov and Djidjev [10], we assign the weights of the vertices, edges,
and faces of G0 to the vertices of T ∗ as follows: The weight of every face f
is assigned to f ∗ . For every vertex or edge x, we choose a face f that has
x on its boundary and add x’s weight to the weight of f ∗ . This guarantees
that the weight of a subtree T 0 of T ∗ is an upper bound on the weight of the
region consisting of the faces of G0 dual to the vertices in T 0 . As in Step 1,
we assign a vertex count to each node f ∗ of T ∗ , denoted v(f ∗ ), which is the
number of vertices of G that assigned their weight to f ∗ . Now we identify a
set C of at most w(T ∗ )/ε − 1 edges of T ∗ whose removal partitions T ∗ into at
most (w(T ∗ ) + v(T ∗ )/N )/ε = (w(R) + |R|/N )/ε subtrees T1∗ , T2∗ , . . . , Tk∗ such
that, for all 1 ≤ i ≤ k, any subtree of Ti∗ that does not include the root
of Ti∗ has weight at most ε and total vertex count at most εN . Every edge
e ∈ C induces a fundamental cycle fc(e) in T , and the set of fundamental cycles
fc(C) = {fc(e) | e ∈ C} partitions R into connected subregions corresponding
to the trees T1∗ , T2∗ , . . . , Tk∗ . Since the total weight of G0 is 1 and G has N
vertices, the total number of fundamental cycles introduced in all heavy regions
of G0 − S1 is O(1/ε). By Lemma 5.3, adding these fundamental
cycles
p to S1
√
therefore produces a separator S2,1 ⊇ S1 of size |S1 |+O( εsN /ε) = O( sN/ε).
To compute the set C, we process T ∗ bottom-up (e.g., using a postorder
traversal) and compute for each node f ∗ of T ∗ the total weight and vertex count
of all its descendant nodes. When visiting a non-root node f ∗ , if the total weight
of the descendants of f ∗ exceeds ε or their total vertex count exceeds εN , we
add the parent edge of f ∗ to C. This removes the subtree below f ∗ from T ∗ ,
and the nodes in this subtree do not contribute to the total weight or vertex
count of any ancestor of f ∗ . This is essentially the same approach chosen by
Aleksandrov and Djidjev, but, as we already argued, it does not guarantee a
bound on the weight or size of any region yet because T ∗ does not necessarily
have bounded degree. The bound on the number of edges added to C is easily
seen as claimed because every edge added to C can be charged to a subtree of
weight greater than ε or vertex count greater than εN that is pruned from T ∗
by adding this edge to C.
To identify the edges in fc(C) \ S1 that need to be added to S2,1 , we label
every node in T ∗ with the index i of the subtree Ti∗ it belongs to. An edge e
needs to be added to S2,1 if it is not already in S1 and the two endpoints of e∗
in R∗ have different labels.
For each subregion Ri of R corresponding to a tree Ti∗ , the root face is the
one corresponding to the root r∗ of Ti∗ . For each child f ∗ of r∗ , the portion
of Ri corresponding to the descendants of f ∗ in Ti∗ by definition has weight at
most ε and size at most εN . r∗ is a face of G0 and, thus, also has weight at
most ε. Finally observe that each such portion of Ri is connected because its
dual is spanned by a subtree of Ti∗ and all nodes in T ∗ not corresponding to
faces of R must be leaves, by Lemma 5.3. Thus, S2,1 defines the partition we
set out to compute in Step 2.1.
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Step 2.2: Nesting forest decomposition
Now consider the partition of G0 defined by S2,1 , and let R0 be one of its regions.
If R0 is light, there is no need to partition it further. So assume R0 is heavy.
In this case, it is one of the subregions produced in Step 2.1. Let (T 0 )∗ be
the rooted spanning tree of (R0 )∗ , and let r∗ be the root of (T 0 )∗ . Let R00 be
the subgraph of R0 obtained by replacing the faces dual to the nodes in each
subtree of (T 0 )∗ rooted in a child of r∗ with a single face (see Figure 5.2(a)).
By letting the weight and vertex count of each face of R00 be the weight and
vertex count of its corresponding portion of (T 0 )∗ , we ensure that the weight
and vertex count of each such face upper bounds the weight and number of
vertices in the portion of G embedded inside this face, and no face of R00 has
weight greater than ε nor vertex count greater than εN . Thus, a separator
partitioning R00 into subregions of weight at most ε and vertex count at most
εN also partitions the portion of G embedded inside R0 into regions with these
properties.
To compute such a partition of R00 that does not add too many edges to
the final separator, we construct a nesting forest T of R00 . The vertex set of
T includes one vertex f ∗ per face f 6= r of R00 . To construct the edge set of
T , we number the edges on the boundary of the root face r clockwise around
r, starting with an arbitrary edge. Every face f 6= r of R00 shares at least one
edge with r: the dual edge of the edge connecting its corresponding subtree of
T ∗ to r∗ . By considering the first and last edge in the ordering of the edges
around r shared between r and f , we obtain an edge interval If associated with
f . Node f1∗ is the parent of node f2∗ in T if If2 ⊆ If1 and the boundaries of
f1 and f2 share an edge. Given T , we assign weights and vertex counts to its
nodes in a manner analogous to Step 2.1, and we compute a set C of edges
of T whose removal partitions T into subtrees of weight at most ε and vertex
count at most εN . We do this similarly to the computation of the edge set
C in Step 2.1, with the following modification: when we encounter a node f ∗
whose subtree of T has weight greater than ε or vertex count greater than εN ,
we do not only add its parent edge to C but also all edges connecting f ∗ to
its children. We add all boundary edges of r not already in S2,1 to S2,1 , label
every node f ∗ of T with the component of T − C it belongs to, and once again
add every edge e of R00 to S2,1 that does not belong to S2,1 and such that the
endpoints of its dual edge belong to the same component of T , but a different
component of T − C. We then only need to separate the components of T ,
which we do by grouping consecutive components along the boundary of r into
maximal sets of combined weight at most ε and vertex count at most εN . We
separate consecutive sets by adding a single path to S2,1 between their shared
vertex with r and the boundary of R0 (see Figure 5.2(b)). We obtain the final
separator S2 produced by Step 2 by augmenting S2,1 in this fashion for every
heavy region R0 of G0 − S2,1 . Since every component of T − C has weight at
most ε and vertex count at most εN , S2 partitions G0 and, thus, G into regions
of weight at most ε and vertex count at most εN . Since each region of G − S2 is
a collection of faces of G, S2 is obviously 2-edge-connected. It remains to prove
that S2 has the size claimed in Lemma 5.4 and that the total number of holes
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Figure 5.2: Illustrating R00 in Step 2.2. The fat black edges are part of the
spanning tree.
(a) Region f with its parent and children in the nesting forest. The gray path
indicates the edges added to the separator in case the subtree of f ∗ in T has
weight greater than ε or vertex count greater than εN .
(b) Path separating sets of components in the nesting forest.
in the regions of G − S2 is at most O(1/ε).
p
Lemma 5.5 |S2 | = O( sN/ε) and the total number of holes of the regions of
G − S2 is O(1/ε).
Proof. Consider a heavy region R0 and a node f ∗ of the nesting forest T
constructed for R0 such that we add the edges incident to f ∗ in T to C. There
areponly O(1/ε) such nodes over all heavy regions of G0 − S2,1 . Since |S
√2,1 | =
O( sN/ε), it suffices to prove that each such node f ∗ adds at most O( εsN )
0 partitioned in
edges to S2 . Note that R0 is part of a heavy region R ⊇ R√
Step 2.1, which has a spanning tree T of weighted diameter O( εsN ). Since T
is a spanning tree of R, and If contains the intervals of all descendants of f ∗
in T , the part of the boundary of f not included in S2,1 is part of a path in T ;
see Figure 5.2(a). Since the edges added
to S2 by f ∗ are exactly f ’s boundary,
√
this proves that f ∗ adds at most O( εsN ) edges to S2 . In addition, every
0 adds the boundary of its root r to S . Since the size of each
heavy region R√
2
such
face
is
O(
εsN
)
and
there
are
only
O(1/ε)
heavy
regions, this adds only
p
O( sN/ε) additional vertices to S2 . Finally,√each of the in total O(1/ε) paths
separating sets of components of T adds O( εsN ) vertices to S2 .
It remains to bound the number of holes in the regions of G − S2 . Since S1
is composed of O(1/ε) simple cycles, there cannot be more than O(1/ε) holes
in the regions of G − S1 . Step 2.1 partitions the heavy regions of G − S1 using
O(1/ε) fundamental cycles. Every such cycle that touches the boundary of the
partitioned region in one vertex or not at all increases the total number of holes
by at most one. Any cycle that touches the boundary in at least two vertices
does not create any holes. In Step 2.2, the boundary of the root face r of each
heavy region R0 contributes at least one edge to S2,1 . Thus, adding the whole
boundary of r to S2 amounts to adding a number of paths that start and end
in distinct vertices that are already part of the separator. This cannot create
any new holes. The same argument holds when adding the boundary of a face
f to S2 in Step 2.2 because f shares at least one edge with the root face r of
R0 , whose boundary we added to S2 previously.
t
u
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Step 3: Limiting the number of regions, boundary size
and boundary cycles

Steps 1 and 2 of our algorithm together produce a separator S2 of the desired
total size which partitions the graph into regions of weight at most ε and size at
most εN each, but there may be too many regions and individual regions may
have too many holes or a too big boundary. The final step of our√algorithm
first ensures each
p region has only O(1) holes and boundary size O( εsN ) and
adds only O( sN/ε) to the size of the separator to do so. This done, we merge
regions to reduce their number to O(1/ε) without increasing their boundary
size or number of holes.
Reducing
√ boundary sizes. While there is a region R whose boundary size
is b > c εsN , for an appropriate constant c > 0, we split it into two or
more subregions and partition these√subregions recursively to obtain regions
with boundary size no more than c εsN . Slightly extending Frederickson’s
approach [60, Lemma 2], we triangulate the exterior and holes of R and assign
weight 1 to the boundary edges of R and weight 0 to all other edges and to the
vertices and faces of R. We then use Miller’s simple cycle separator theorem [96]
to split R into two subregions of weight at most 2b/3 each. Since each face of
R has size at most s and R has size √
at most εN , Miller’s algorithm produces
0
a simple cycle C of length at most c εsN . Thus, the boundary of R and C,
excluding edges introduced when triangulating the exterior and the holes of
R, together
most
√ partition R into two or more subregions of boundary size at
0 . This
2b/3 + c0 εsN , which
is
at
most
3b/4,
for
c
sufficiently
larger
than
c
√
ensures that O(|S2 |/ εsN ) = O(1/ε) such
√ splits suffice to produce a partition
into regions of boundary size at most c εsN each. Each application of Miller’s
algorithm to a region of size O(εN ) takes O(εN ) time. Since we do this O(1/ε)
times, the total cost of this step is linear.
Reducing the number of holes. We use a similar approach to limit the
number of holes. We recursively split regions with more than a holes, for an
appropriate constant a > 0, using Miller’s simple cycle separator theorem. For
such a region R, we once again triangulate its exterior and its holes. If the outer
boundary of R has k edges, this splits the exterior of R into k − 2 triangles, and
we assign weight 1/(k − 2) to each of them. We similarly weight the triangles
of each hole so that their total weight is 1. We assign weight 0 to all other
faces of R and to the vertices and edges of R. The two regions produced by the
simple cycle C obtained using Miller’s algorithm have at most two thirds of the
holes of R. Thus, R’s boundary and C, once again excluding edges that were
introduced by triangulating the exterior and holes of C, define a partition of R
into subregions that each contain at most two thirds of the holes of R. Note
that every hole of R not completely on one side of C merges with C as part of
the subregions’ boundaries and thus does not contribute to the hole counts of
the subregions. Therefore, if R has h holes, every region in the partition of R
defined by R’s boundary and C has at most 2(h+1)/3+1 boundary cycles. The
addition of C to the separator may result in some subregions having boundary
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√
size greater than c εsN . For each such region, a constant number of splits as
in the previous
paragraph suffice to split it into subregions with boundary size
√
at most c εsN and with at most 2(h + 1)/3 + O(1) holes. By choosing a large
enough, we can once again ensure that only O(1/ε) such splits are necessary to
reduce the number of holes per region to O(1) while maintaining
pthe bound on
the boundary size of each region and maintaining a bound of O( sN/ε) on the
total size of the separator. Since each of these O(1/ε) splits once again operates
on a region of size O(εN ), the total cost of these splitting steps is O(N ).
Merging regions. Let S3,1 be the separator obtained so far. S3,1 has all
properties of a simple cycle ε-separator, except that we may have created too
many regions. The total number of holes is O(1/ε) because this was true for
the regions of G − S2,2 and each of the O(1/ε) splits we have have performed
to reduce the boundary size or number of holes in a region can create at most
one new hole. In this final step we merge regions to reduce their number to
O(1/ε) while maintaining the bounds on each region’s size, weight, number of
holes, and boundary size.
We merge regions using the uniform graph contraction procedure of Maheshwari and Zeh [94, Section 3]. First we construct the dual of G − S3,1 , which
contains a vertex per region of S3,1 and an edge between two regions if they
share a boundary edge. Let us call this graph H. We assign four types of
weights to the vertices of H as follows: The weight w1 (v) of a vertex v ∈ H is
the weight of the region represented by v. In addition, every boundary vertex
or edge x of G − S3,1 adds its weight to w1 (v), for an arbitrary vertex v representing a region incident to x. Weights w2 (v), w3 (v), and w4 (v) respectively are
the boundary size, number of holes, and vertex count of the region represented
by v. Again, every boundary vertex of G − S3,1 increases w4 (v) by one, for an
arbitrary vertex v representing an incident region.
The uniform graph contraction procedure proceeds in two phases. The
contraction phase repeatedly contracts edges in H to reduce H’s size. When
contracting an edge vw, the weights of the resulting vertex are the sums of
the corresponding weights of v and w. At the end of this contraction phase,
every vertex is either heavy or light (see below for a definition), and every light
vertex is adjacent only to heavy vertices. The bundling phase greedily merges
pairs of light degree-1 and degree-2 vertices with the same set of neighbours.
Again, the weights of the vertex resulting from such a merge are the sums of
the corresponding weights of the merged vertices. Both phases ensure that
the weights of the vertices they produce do not exceed certain upper bounds
given as parameters to the algorithm.
√ In our application of this technique, we
require that w1 (v) ≤ ε, w2 (v) ≤ c εsN , w3 (v) ≤ a, and w4 (v) ≤ εN , for
appropriate constants
a > 0 and c > 0. We call a vertex heavy if w1 (v) > ε/2,
√
w2 (v) > (c/2) εsN , w3 (v) > a/2 or w4 (v) > εN/2. Otherwise the vertex is
light. Let H C be the graph produced from H using the uniform contraction
procedure. The total number of heavy vertices in H C is p
O(1/ε) because their
total w1 -, w2 -, w3 -, and w4 -weights respectively are 1, O( sN/ε), O(1/ε), and
N . Maheshwari and Zeh proved that the total number of light vertices in H C
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is at most six times the number of heavy vertices in H C . Thus, H C has O(1/ε)
vertices.
Our final partition contains one region per vertex in H C . The separator
consists of all vertices and edges whose incident faces do not all belong to the
same region of the partition. Each vertex of H C represents a group of vertices
of H that were merged into it in the two phases of the contraction procedure.
Its corresponding region is the union of the regions of G − S3,1 represented
by these vertices of H. The weights assigned to the vertices of H ensure that
each
√ region in the final partition has weight no more than ε, boundary size
O( εsN ), O(1) holes, and size at most εN . Since there is one region per
vertex in H C , the number of regions is O(1/ε). Finally, observe that merging
the regions of G − S3,1 corresponding to vertices of H that were merged into a
single vertex during the contraction phase produces a connected region because
these vertices induce a connected subgraph of the dual of G−S3,1 . The bundling
phase merges regions only if they are adjacent to the same set of at most
two neighbours. Thus, the bundling phase produces potentially disconnected
regions, but all connected components of these regions are adjacent to at most
two other regions. Since these neighbouring regions correspond to heavy vertices
produced by the contraction phase, they are connected. Thus, the regions in the
final partition are either connected or are adjacent to at most two other regions,
which are connected. It is easily verified that the construction of the graph H,
the application of the uniform contraction procedure, and the construction of
the final partition from H C can each be carried out in linear time.
This proves Theorem 5.1.

5.3

Computing multiway simple cycle separators I/Oefficiently

In this section, we discuss how to combine the separator algorithm from Section 5.2 with the contraction procedure of Maheshwari and Zeh [94] to obtain
an I/O-efficient algorithm for computing multiway cycle separators.
Theorem 5.2 A simple cycle ε-separator can be computed using O(sort(N ))
I/Os and O(N log N ) time.
It is easy but tedious to verify that each step of the algorithm in Section 5.2
can be implemented using O(sort(N )) I/Os and O(N log N ) time using sorting
and scanning primitives, as well as primitives to compute the connected components of a planar graph in these bounds [46] and to manipulate the dual, faces,
etc. of an embedded planar graph [115]. The only exception is the computation
of BFS trees in Step 1 and in all applications of Miller’s simple cycle separator
algorithm in Step 3. The only known method to compute BFS or shortest paths
in the same I/O bound is the algorithm of [14]. In Section 5.4.1, we discuss
how to reduce its internal-memory computation time to O(N log N ), but the
algorithm requires the input graph to be planar, which the face incidence graph
is not, and it requires a multiway (cycle) separator to be given as part of the
input. We overcome these two problems as follows.
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BFS in the face incidence graph Gf of G reduces to BFS in the vertex-onface graph Gvf of G (see Section 5.1): a BFS tree Tf of Gf can be obtained from
a BFS tree Tvf of Gvf by making every face vertex f ∗ a child of its grandparent
in Tvf (which is also a face vertex).
To overcome the circular dependency between computing separators and
computing BFS or shortest paths, we use a bootstrapping approach from [94,
Section 7]. The basic idea is to apply graph contraction to G to obtain a
compressed graph G0 , recursively compute a separator partition P 0 of G0 and
then undo the contraction to obtain a partition P 00 of G. Due to the expansion,
this partition guarantees only a region size and a region boundary size a constant
factor larger than we could guarantee by computing a partition for G directly,
but this is good enough for computing shortest paths in G. Once we have a
shortest-path tree for G, we can use it to compute our final partition P of G
using an I/O-efficient implementation of the algorithm from Section 5.2.
Applying this approach to compute multiway simple cycle separators requires two non-trivial changes, which we describe in detail in this section. First,
the bootstrapping procedure from [94] only maintains a vertex separator, a set
of vertices whose removal breaks the graph into connected components of the
desired size. We need to carry out the expansion of G0 to G more carefully
to ensure we recover the regions of a multiway simple cycle separator from P 0 .
Second, our multiway simple cycle separator algorithm requires a BFS tree not
of G but of the face-on-vertex graph Gvf of G. Thus, the partition P 0 we compute needs to be a partition of Gvf , not of G. Since Gvf is a constant factor
larger than G, the parameters of the contraction procedure need to be adjusted
to ensure the recursive call operates on a graph that is a constant factor smaller
than G.
The notion of cycle separators is meaningful only if the graph is embedded.
Thus, we have so far assumed the input graph is embedded. The applications
we discuss in Section 5.4, on the other hand, make sense even in the absence
of an embedding. Thus, if no embedding of the graph is given, the goal of the
algorithm in this section is to compute an arbitrary embedding of G along with
a multiway cycle separator based on this embedding. Since the I/O-efficient
planar embedding algorithm of [93] requires a vertex separator, we cannot simply compute an embedding before computing separators, but the computation
of the embedding needs to be incorporated in the recursive computation of the
separator as in [94, Section 7].
In the remainder of this section, we recall the contraction procedure from
[94], discuss how to recover a multiway cycle separator when undoing this contraction, and finally put things together to obtain a planar embedding and a
multiway cycle separator in the I/O and time bounds stated in Theorem 5.2.
Graph contraction. The graph contraction procedure of [94] proceeds in two
phases. Both phases are driven by a bound β on the weight of each vertex in the
contracted graph, which is the number of vertices in G it represents. Initially,
we set the contracted graph to be G, and every vertex has weight 1. The first
phase repeatedly computes a matching of the current graph and contracts the
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edges in the matching. The vertex resulting from the contraction of a matching
edge uv represents the vertices in G represented by u and v. Thus, its weight
is the sum of the weights of u and v. The first phase ensures that no vertex in
the current graph has weight greater than β and continues contracting edges
until each vertex of weight less than β/2 is adjacent only to vertices of weight
at least β/2. The second phase groups degree-1 and degree-2 vertices based on
the vertices they are adjacent to. Each such group of vertices with the same set
of neighbours is greedily divided into maximal subgroups such that the total
weight of the vertices in each group is at most β. The vertices in each such
subgroup are merged into a single vertex of weight equal to the total weight of
the subgroup.
As shown in [94], these two contraction phases can be implemented using
O(sort(N )) I/Os and O(N log N ) time. The final graph G0 obtained using this
procedure is planar, has no vertex of weight greater than β, and has at most
14N/β vertices, where N is the number of vertices in G.
Expanding the separator. Since a multiway cycle separator is essentially
defined by grouping the faces of G into regions, it is tempting to apply the
above contraction procedure to the dual of G, compute a multiway simple cycle
separator of the graph that has the contracted graph as its dual, and then
replace each face in the resulting partition with the corresponding faces of G.
The reason we do not choose this strategy is that edge contraction does not
preserve vertex degrees, that is, face sizes in the primal, a property of the
graph every simple cycle separator algorithm relies on. Instead, we contract
the primal (which cannot increase face sizes) and then recover the boundary
cycles of the regions in P 00 from those of the regions in P 0 . Here we discuss how
to construct P 00 from P 0 .
So let E be an embedding of G with respect to which we want to obtain a
multiway simple cycle separator, let G2 be the graph obtained by applying the
contraction procedure to G, and let E2 be the embedding of G2 constructed as
part of the contraction. Recall that G2 is obtained from G in two phases. The
contraction phase obtains a graph G1 and an embedding E1 of G1 by repeatedly
contracting matching edges. The bundling phase groups degree-1 and degree-2
vertices with the same neighbours in G1 to obtain G2 . We first construct a
cycle separator P1 of G1 from a cycle separator P2 of G2 and then construct
the final cycle separator P 00 of G from P1 .
In P2 , every edge is labelled with the two regions on each of its sides and
every face is labelled with the name of the region it belongs to. Our goal is
to first compute a similar labelling of the edges of G to represent P 00 . Given
this labelling, the faces of G can be labelled with the regions they belong to
by computing the dual of G, removing all edges dual to region boundary edges
(edges that do not have the same region on both sides) and then computing the
connected components of the resulting graph.
The partition P1 of G1 we compute from P2 has the same regions as P1 .
The bundling of degree-1 and degree-2 vertices in G1 to obtain G2 amounts
to removing such vertices and their incident edges from G1 . In constructing
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P1 , we re-introduce these vertices and edges and embed them according to E1 .
This splits each face f of G2 into a collection of faces of G1 , which should be
assigned to the region of P1 corresponding to the region of P2 that contains
f . To achieve this assignment of faces of G1 to regions in P1 , we do not alter
the region labels of all edges of G1 that also belong to G2 . For each edge reintroduced in constructing G1 from G2 , one endpoint belongs to G2 and the
other does not. We consider each vertex in G2 in turn and process its incident
edges in G1 in clockwise order, starting with an edge in G2 . For each edge of
G1 not in G2 , we assign the same region label to both its sides, and this region
label is chosen to be the same as the region label of the clockwise side of the
most recent edge in G2 we have inspected. This reconstruction of E1 from E2
and the corresponding assignment of region labels to the edges of G1 can be
done using O(sort(N )) I/Os and O(N log N ) internal-memory computation
time. The details are straightforward but tedious. (See [115] for an overview
of the types of primitive operations on planar graphs that can be implemented
using these I/O and time bounds.)
Next we construct an edge labelling of G representing the partition P 00 from
the edge labelling of G1 we just constructed. Every edge e of G1 corresponds to a
unique edge in G. This edge in G inherits e’s region labels. Every vertex v of G1
represents a connected subgraph Gv of G of constant size because v’s weight is
at most β and G1 is obtained from G using only edge contractions. If v belongs
to the boundary of some regions in P1 , we need to ensure the replacement of v
with Gv leaves these boundary cycles intact. We do this by labelling the edges
in Gv as follows. Let e1 , e2 , . . . ek be the edges in G corresponding to edges in
G1 incident to v, and let v1 , v2 , . . . , vk be the endpoints of these edges in Gv .
We may have vi = vj , for some of these indices. We compute a spanning tree
Tv of Gv and let Tv0 be the tree obtained by adding edges e1 , e2 , . . . , ek to Tv .
We compute an Euler tour of Tv0 that respects the embedding of G. Note that
each edge in the Euler tour represents a side of an edge of Tv0 . We traverse this
Euler tour, starting with one side of edge e1 . Every edge that is not a side of
an edge ei inherits its region label from the last side of an edge ei visited by
the Euler tour. This labels the edges of Tv in a manner that represents the
boundary cycles of P 00 . It remains to compute the labels of the edges of Gv not
in Tv . This can be done in a manner identical to the construction of P1 from
P2 .
Bootstrapping. Now consider a planar graph G for which we want to compute a planar embedding E and a multiway cycle separator P. First we compute E unless an embedding of G is already given. This can be done using
O(sort(N )) I/Os and O(N log N ) time, given an O(B 2 /N )-vertex separator of
G [93]. To compute such a vertex separator P 0 , we apply the above contraction
procedure with a parameter β = O(1) to be determined later. We recursively
compute an embedding and a simple cycle B 2 /N -separator of the resulting
graph GC , use the algorithm from Section 5.4.1 to compute a shortest-path
tree T C of GC , and then use this shortest-path tree of T C together with the
vertex separator algorithm of [94] to obtain a B 2 /N -vertex separator P C of GC .
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P 0 now contains one region per region of P C . The region R0 in P 0 corresponding
to a region R in P C contains all vertices of G represented by vertices in R, that
is, that were contracted into vertices in R during the contraction step. The
separator vertices of P 0 are all vertices of G represented by separator vertices
of P C . Since each vertex of GC expands into at most β vertices of G, P 0 is
an O(B 2 /N )-vertex separator of G. The cost of this procedure is O(sort(N ))
I/Os and O(N log N ) internal-memory computation time plus the cost of recursively computing an embedding and a cycle separator of GC . If I(N ) and
T (N ) respectively denote the I/O and time bounds of our algorithm on an N vertex graph, this recursive call uses at most I(14N/β) I/Os and T (14N/β)
time because GC has at most 14N/β vertices.
With an embedding E of G in hand, we now use a similar approach to obtain
a simple cycle ε-separator of G. As already stated, this takes O(sort(N )) I/Os
and O(N log N ) time with the exception of the cost of computing BFS trees. We
need to compute BFS trees of the vertex-on-face graph Gvf of G, of the regions
produced in Step 1 of our algorithm, and of the vertex-on-face graphs of the
regions we partition in Step 3. For each such graph H, we apply the contraction
procedure to obtain a compressed graph H C along with an embedding E C of
H C consistent with E. We use the same parameter β as when constructing
GC from G. We compute a simple cycle B 2 /N -separator P C of H C w.r.t.
embedding E C by invoking our algorithm recursively on H C . Then we use the
expansion procedure above to obtain a simple cycle O(B 2 /N )-separator P 00 of
H and use this cycle separator to compute a BFS tree T of H. Thus, the cost
of the recursive call involved in computing a BFS tree for H is I(14|H|/β) I/Os
and
we have
P
P T (14|H|/β) time.PSince I(N ) and TP(N ) are convex functions,
14|H|/β).
T
(14|H|/β)
≤
T
(
14|H|/β)
and
I(14|H|/β)
≤
I(
H
H
H
H
Now it suffices to observe that the total size of all graphs for which we need to
compute BFS trees in Step 1 and Step 3 of our algorithm is O(N ). Thus, we can
choose β to be a large enough constant soPthat 14N/β ≤ N/4 (the size of GC
in computing an embedding E of G) and H 14|H|/β ≤ N/4. For this choice
of β, we obtain recurrences for the I/O complexity and running time of our
algorithm bounded by I(N ) ≤ 2I(N/4) + O(sort(N )) and T (N ) ≤ 2T (N/4) +
O(N log N ), which solve to I(N ) = O(sort(N )) and T (N ) = O(N log N ).
This proves Theorem 5.2.

5.4

Applications

In this section, we discuss how to use a separator obtained using the algorithm
from Section 5.3 to design algorithms for planar graphs that are efficient in
internal and external memory at the same time. In particular, we prove the
following result.
Theorem 5.3 The single-source shortest-path problem on a planar graph with
non-negative edge lengths, topological sorting of a planar DAG, and computing the strongly connected components of a planar graph can be solved using
O(sort(N )) I/Os and O(N log N ) time, where N is the number of vertices in
the graph.
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Algorithms for these problems with the same I/O bounds as in Theorem 5.3
were presented in [22, 25, 14], but these algorithms were not efficient in internal
memory. Here we exploit the structure of the graph partition from Section 5.2
to obtain internal-memory efficient variants of these algorithms. All three algorithms use the same four-step procedure and assume that M ≥ cB 2 , for some
constant c > 0. We recall this procedure in our discussion of the shortest-path
algorithm in Section 5.4.1 and then discuss the changes necessary to use this approach to compute a topological ordering (Section 5.4.2) or strongly connected
components (Section 5.4.3). Since the algorithms require a separator partition
with a small number of boundary sets, we need to assume the input graphs
have bounded degree. In the case of shortest paths and strong connectivity,
this assumption is easily satisfied by replacing each high-degree vertex with a
directed cycle of degree-3 vertices. This does not change the strong connectivity of the graph and, if the edges in each cycle are chosen to be of length 0,
neither the distances between vertices. In the case of topological sorting, we
are not aware of any such simple transformation that preserves planarity and
acyclicity and reduces the degree of each vertex to O(1). We discuss at the end
of Section 5.4.2 how to obtain a topological sorting algorithm for planar DAGs
without a bound on their vertex degrees.

5.4.1

Single-source shortest paths

The shortest-path algorithm of [14] proceeds in four steps. In the first step,
it computes a partition P of the graph into O(N/B 2 ) subgraphs (or regions)
G1 , G2 , . . . , Gr of size at most cB 2 , boundary size O(B), and with O(N/B 2 )
boundary sets. Using our algorithm from Section 5.3, such a separator partition
can be obtained using O(sort(N )) I/Os and O(N log N ) time. In contrast to
previous separator algorithms, our algorithm also ensures that each connected
subregion of each region Gi has only O(1) boundary cycles. This is the key to
making the shortest-path algorithm efficient in internal memory.
Step 2 computes a compressed graph GR on the boundary vertices of all
regions. This graph is obtained by replacing each region Gi with a graph GR
i
over its boundary vertices. Let Gi,1 , Gi,2 , . . . , Gi,ki be the connected subregions
of Gi . Then GR
i contains an edge uv if and only if u and v are on the boundary
of the same subregion Gi,j and its length is `(uv) := distGi,j (u, v) in this case.
It is easily verified that this implies that distGR (u, v) = distG (u, v), for any two
vertices u, v ∈ GR .
Step 3 computes distGR (s, v) = distG (s, v), for all vertices v ∈ GR . As
shown in [14], this can be done using O(sort(N )) I/Os and O(N log N ) time
because GR has O(N/B) vertices and O(N ) edges, and the partition of G it
was derived from has O(N/B 2 ) boundary sets.
Step 4 finally computes the distances distG (s, v), for all vertices v ∈ G.
To do this, it inspects each region Gi in turn and computes distG (s, v) =
minu (distG (s, u) + distGi (u, v)), for each non-boundary vertex v ∈ Gi , where
the minimum is taken over all boundary vertices of Gi . Since each region fits
in memory, this can be done by loading each region into memory in turn and
running Dijkstra’s algorithm on this region in memory. Thus, this step takes
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O(N/B) I/Os and O(N log N ) time.
It remains to discuss the cost of Step 2 above. Its I/O complexity is O(N/B),
for the same reason Step 4 achieves this I/O complexity: it suffices to load each
R
region Gi into memory, generate GR
i in memory and then write Gi back to disk.
By summing the I/O complexities of the four steps, we obtain an I/O bound
of O(sort(N )) I/Os for the whole algorithm. This is the same argument as in
[14]. The construction of GR
i from Gi in memory requires the computation of
distances between all boundary vertices of each connected subregion Gi,j of Gi .
A naive implementation runs O(B) single-source shortest-path computations
on Gi , one per boundary vertex. Since Gi has O(B 2 ) vertices, this takes O(B 3 )
time using the linear time single-source shortest-path algorithm of [74]. Using
an all-pairs shortest-path algorithm instead is no faster. Since we have to repeat
this step for each of the O(N/B 2 ) regions in P, the total time used in Step 2 is
O(N/B 2 · B 3 ) = O(N B). Next we discuss how to reduce the internal-memory
2
cost of constructing GR
i from Gi to O(B log B). This reduces the internalmemory cost of Step 2 to O(N log B) and the internal-memory cost of the
whole algorithm to O(N log N ), which proves the cost of computing shortest
paths claimed in Theorem 5.3.
To compute the distances between all boundary vertices of each connected
subregion Gi,j , we use the fact that Gi,j has only O(1) boundary cycles, each
of which bounds a face of Gi,j . For each such cycle C, we can use an algorithm
by Klein [82] to compute a shortest-path tree Tu for each vertex u ∈ C. This
algorithm takes O(ni,j log ni,j ) time to construct all these trees, where ni,j is
the number of vertices in Gi,j . The computed representation of each such
shortest-path tree Tu supports distance queries between u and any vertex v ∈
Gi,j in O(log ni,j ) time. Since Gi,j has O(1) boundary cycles, it thus takes
O((ni,j + b2i,j ) log ni,j ) time to compute the distances between all boundary
vertices of Gi,j , where bi,j is the number of these boundary vertices. Now it
P i
P i
bi,j = O(B) to conclude
ni,j = O(B 2 ) and kj=1
suffices to observe that kj=1
R
2
that the total cost of computing Gi is O(B log B), as claimed.

5.4.2

Topological sorting

To obtain a topological ordering of the vertices of a planar DAG G, Arge and
Toma [22] start with the following observation.1 Let Gs be a DAG obtained by
adding a new source vertex s to G and connecting s to each source v of G using
an edge sv. Let the level `Gs (v) of each vertex v be the length of the longest
path from s to v in Gs . A topological ordering of G can be obtained by sorting
the vertices of G by their levels. To compute these levels, Arge and Toma
employ the same 4-step strategy as in the shortest-path algorithm discussed in
Section 5.4.1. Step 1 computes a graph partition of G with the same properties
as in Section 5.4.1. Step 2 constructs a graph GR whose vertex set contains the
source s of Gs and all boundary vertices of G. To construct GR , each region
Gi in the partition is replaced with a graph GR
i whose vertex set contains s
1
We provide a somewhat different description of the algorithm here based on the same
ideas.
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and the boundary vertices of Gi . For every pair of boundary vertices (u, v) of
Gi , GR
i contains an edge uv if and only if there exists a connected subregion
Gi,j that has u and v on its boundary and there exists a path from u to v in
Gi,j . The length of edge uv is the length of the longest path from u to v in
Gi,j in this case. In addition, let Gsi be the subgraph of Gs containing s and
all vertices of Gi . Then GR
i contains an edge sv, for every boundary vertex
v of Gi that is reachable from s in Gsi . The length of this edge is the length
of the longest path from s to v in Gsi . Once again, it is not difficult to see
that `Gs (v) = `GR (v), for every vertex v ∈ GR . Step 3 computes `GR (v), for
all v ∈ GR , by iteratively removing sinks and updating the levels of their outneighbours. Step 4 computes `Gs (v), for all non-boundary vertices of G. To this
end, it inspects each region Gi in turn and computes the levels of all vertices
in a weighted supergraph Ḡsi of Gsi . In addition to the vertices and edges of
Gsi , Ḡsi contains an edge sv, for each boundary vertex v of Gi . All edges of Gsi
have weight 1 in Ḡsi , while each edge sv not in Gsi has weight `GR (v) = `Gs (v).
These weights ensure that `Ḡs (v) = `Gs (v), for every vertex v ∈ Gsi . These
i
levels can be computed for all vertices in Ḡsi by once again iteratively removing
sinks from Ḡsi and updating the levels of their out-neighbours.
Arge and Toma [22] argue that the I/O complexity of this algorithm is
O(sort(N )). Step 1 takes O(N log N ) time in internal memory, while Steps 3
and 4 take O(1) time per vertex and edge and operate on graphs of total size
O(N ). Thus, it remains to bound the internal-memory computation time of
Step 2. In particular, we argue once again that the construction of GR
i from Gi
2
takes O(B log B) time.
The addition of edges sv to GR
i , for all boundary vertices of Gi reachable
s
from s in Gi , and the computation of the weights of these edges is yet another
level computation on Gsi and hence takes O(B 2 ) time. To add edges between
the boundary vertices of each connected subregion Gi,j , we observe that the
length of the longest path from u to v in Gi,j is the negation of the length of
the shortest path from u to v in Gi,j after assigning length −1 to each edge.
As noted by Klein et al. [83, Section 2.5], the algorithm of Klein [82] can be
used to compute shortest paths from all vertices on the same boundary cycle
C even in the presence of negative-length edges, provided the distances from
some vertex v ∈ C to all other vertices in Gi,j are known. Computing these
distances requires a longest-path computation (with the original edge lengths)
similar to the addition of edges sv to GR
i . Only this time we operate on a
s
graph Gi,j , which is obtained from Gi,j by adding a single length-0 edge sv. We
repeat this distance computation once per boundary cycle of Gi,j . Since Gi,j
has O(1) boundary cycles, this takes O(ni,j ) time. Computing the distances
between all pairs of boundary vertices of Gi,j using Klein’s algorithm takes
O((ni,j + b2i,j ) log ni,j ) time again, which dominates the cost of processing the
subregion Gi,j . Thus, by summing these costs for all subregion of Gi as in
Section 5.4.1, we obtain a bound of O(B 2 log B) for the internal-memory cost
of constructing GR
i from Gi and a bound of O(N log B) for the total internalmemory cost of Step 2.
One limitation of the algorithm just described is that it applies only to
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planar graphs of bounded degree. The more complicated topological sorting
algorithm of Arge, Toma and Zeh [23] does not make this assumption but uses
an I/O-efficient shortest-path algorithm to compute two rooted spanning trees
of the dual of the given DAG. Using the algorithm discussed in Section 5.4.1,
these spanning trees can be computed using O(sort(N )) I/Os and O(N log N )
time. It is easy but tedious to verify that the remainder of the algorithm of
[23] performs only O(sort(N )) I/Os and O(N log N ) time. Thus, we obtain
the complexity of topologically sorting planar DAGs claimed in Theorem 5.3.

5.4.3

Strongly connected components

To compute the strongly connected components of a planar graph, Arge and
Zeh [25] use the following algorithm, once again based on the 4-step framework
from Section 5.4.1. Step 1 computes a graph partition with the same properties
as in Section 5.4.1. Step 2 computes a graph GR from G by replacing each
R
region Gi of the partition with a graph GR
i over its boundary vertices. Gi
contains an edge uv if and only if there exists a connected subregion Gi,j of
Gi that has u and v on its boundary and there exists a path from u to v in
Gi,j . It is easy to verify that two vertices of GR belong to the same strongly
connected component of GR if and only if they belong to the same strongly
connected component of G. Step 3 assigns a component label to each vertex
u of GR , which uniquely identifies the strongly connected component of GR
(and hence of G) that contains u. Step 4 extends this labelling by assigning
component labels to the non-boundary vertices of G. To this end, it processes
each region Gi in turn. Region Gi is augmented with cycles connecting the
boundary vertices of Gi that belong to the same strongly connected component
of G according to the component labels computed in Step 3. Let G0i be the
resulting graph. Next the algorithm assigns component labels to the vertices of
G0i such that every boundary vertex of Gi receives the same component label
as in Step 3 and two vertices in the same strongly connected component of
G0i receive the same label. It is easy to verify that this ensures that the final
labelling assigns the same component label to two vertices if and only if they
belong to the same strongly connected component of G.
Once again, we use our separator algorithm from Section 5.3 to compute
the graph partition in Step 1 using O(sort(N )) I/Os and O(N log N ) time.
Arge and Zeh showed that the remainder of the algorithm takes O(sort(N ))
I/Os, and it is easy to verify that Steps 3 and 4 take O(N ) time. To implement
Step 2, it suffices to compute the distances between the boundary vertices of
each connected subregion Gi,j as discussed in Section 5.4.1. If this distance is
finite, a path between the two vertices exists, and we add the corresponding
edge to GR
i ; otherwise we do not. Thus, Step 2 takes O(N log B) time as in Section 5.4.1, and we obtain a strong connectivity algorithm with the complexity
claimed in Theorem 5.3.

Part II

Range Searching Data
Structures
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Chapter 6
Range Searching Background
Orthogonal range reporting is not only the most important example of range
searching, but also one of the classic and most fundamental data structure
problems in the fields of computational geometry and (spatial) databases. Given
a set of N points in d-dimensional space, the goal is to represent the points
in a data structure, such that given an axis-aligned query rectangle, one can
efficiently list all points contained therein. A standard example motivating such
queries in the field of databases is: “Give me a list of all employees hired between
2001 and 2004 who earn between 60 000 and 80 000 per year”. By representing
each employee as the point (year hired, salary), this query translates into the
orthogonal range query specified by the axis-aligned rectangle [2001 : 2004] ×
[60 000 : 80 000]. Given its key role, this problem has been extensively studied in
almost all models of computation, including the word-RAM and the I/O-model.
The two-dimensional variant of the problem is particularly well understood,
with optimal I/O-model solutions dating back to the 1990s [19]. However, in
many natural applications, standard orthogonal range reporting is too generic as
specialized problems may be solved much more efficiently using specialized data
structures. In this part of the dissertation we investigate two such specialized
types of range searching: range diameter and categorical range reporting.
The first problem is to report only the two furthest points in a query range
as opposed to all points. It would be great if we could save the time necessary
for reporting all points in case we only need the two furthest points without
increasing the search time, but known (internal-memory) solutions to the problem do not even come close to this goal. We therefore look into the hardness
of this problem: Are there known hard problems that are related to it? Is the
problem also hard in simplified scenarios?
For the second problem, the situation looks much brighter. We are interested
in the scenario where points are assigned a category (or color), and a query asks
to report only the set of colors represented by the points inside the query range.
For this problem data structures have been developed that solve the problem
fairly efficiently in different models of computation, and, in the pointer-machine,
even optimally. However, especially the existing I/O-model solutions are not
as efficient as one would hope for, and also in the word-RAM model further
improvements are possible.
In the remainder of this introductory chapter, we first revisit the topic of
73
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computational models to highlight some assumptions that are typically made for
data structure design and lower bounds. Then, we give an overview of existing
work on the two problems, and where relevant, related problems. Finally, we
give an overview of the specific contributions in the chapters ahead.

6.1

Models of computation

We briefly summarize the models of computation relevant for the following
chapters.
Word-RAM. In the unit-cost word-RAM model, a data structure consists of
a memory divided into words of w bits each. For range reporting problems, we
make the standard assumption that the number of bits in a word is proportional
to the number of bits needed to represent an input point and to address any
input point, i.e. if the input points have integer coordinates from a universe
[U ] = {0, . . . , U − 1}, then we assume w = Θ(log N + log U ). The memory
words may represent arbitrary information about the input. When answering
a query, a data structure may use indirect addressing and any standard operation on words in constant time, including for instance addition, subtraction,
multiplication, division and bitwise operations.
Real-RAM. For applications in computational geometry the word-RAM often does not suffice since it would only support integer coordinates. Therefore,
a variant of the word-RAM called the real-RAM model is used extensively (and
often implicitly) in computational geometry [107, Section 1.4]. The difference
with the word-RAM is that in the real-RAM a word is allowed to store any
arbitrary real number, while the operations on these numbers are restricted
to a set of reasonable primitives such as addition, subtraction, multiplication,
division, comparison, as well as exponentiation and taking a logarithm. This
restriction is necessary since the number of bits in a word is not restricted, and
thus certain operations (such as the floor function) could be “abused” to solve
hard problems using fewer operations than would be possible on any physical
machine.
I/O-model. For designing data structures in the I/O-model, we assume that
the B words making up a disk block consist of Θ(log N + log U ) bits each,
as in the word-RAM model. The data structure is required to fully reside on
disk between operations, so relevant parts need to be moved to and from main
memory when needed. Another assumption that is typically made for range
reporting data structures in the I/O-model is the indivisibility assumption, that
is, an input point has to be stored “uncompressed” in a word in order to be
reported. Other than that, words can store arbitrary information and a data
structure is allowed to perform random accesses to disk blocks. Making the
indivisibility assumption typically allows for very high and near-tight lower
bounds using the indexability framework of Hellerstein et al. [73]. The I/Omodel data structures we present all satisfy the indivisibility assumption.
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Pointer machine. The pointer machine model is a constrained variant of the
word-RAM where the memory words of the data structure can only be accessed
through pointers. Furthermore, the input points to a range searching problem
are assumed indivisible and we assume coordinates can only be compared. This
means that any memory word may store one input point plus a constant number
of pointers to other memory words. The main motivating factor for studying the
pointer machine is that we can prove polynomially high and often tight lower
bounds for range reporting problems using the framework of Chazelle [45]. This
stands in sharp contrast to the highest query time lower bound proved for any
static data structure problem in the word-RAM, which is only Ω(log N ), even
for linear space data structures [88]. Note that since any memory cell stores a
constant number of pointers, one cannot generally hope for a query time below
Θ(log N ).

6.2

Range-aggregate extent queries

In this section, we review previous work on range-aggregate queries for sets of
points in the plane, which is a class of queries similar to our problem of interest:
finding (the distance between) the furthest pair of points in a query range. A
brief description of problems in this class follows.
• Diameter: the distance between the pair of furthest points in a point set.
• Closest pair distance: the distance between the pair of closest points in a
point set.
• Width: minimum distance between any two parallel lines that enclose the
point set.
• Radius of minimum enclosing disk: the radius of the smallest disk covering
the point set.
These functions are often used to measure the “extent” or “spread” of points
in applications like clustering, collision detection, shape-fitting, data mining,
etc. [7, 28, 58, 71, 72]. Computing aggregate functions on a subset of points
contained in a query range is interesting from the perspective of both computational geometry and database applications, and has attracted the attention
of researchers from both research communities [5, 68, 69, 75, 101, 108].
Unlike many other range searching problems (such as range counting, range
reporting, and range maximum), the range-aggregate functions described above
are not decomposable in the sense that they cannot be computed by dividing
the point set into subsets, computing the function for each subset, and then aggregating these partial results [68]. In fact, the main difficulty in such a divide
and conquer strategy is to combine the partial results, that is, for example finding the diameter of two point sets. Storing the answers to all such subproblems
would yield constant query time per subproblem, but uses at least quadratic
space in total. We can reduce the amount of space required for answering diameter queries as follows. Let S1 and S2 be two disjoint subsets of the input
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point set, where |S1 | ≤ |S2 |. We can find the largest distance between each
point in S1 and all points in S2 in O(|S1 | log |S2 |) time using a furthest-point
Voronoi diagram of S2 . The currently best known solution to the range diameter problem stores the diameter for pairs of large subsets (with more than k
points), while using Voronoi diagrams for finding the diameter between other
pairs of subsets [69]. This results in a tradeoff with O((N + (N/k)2 ) log2 N )
space and O(k log5 N ) query time, for a parameter k where 1 ≤ k ≤ N .
Even though, strictly, the closest pair problem is not decomposable, more
efficient solutions have been obtained for this problem [1, 68, 69, 111, 112].
Specifically, Gupta et al. [69] describe a data structure using O(n log5 n) space
that answers queries in O(log2 n) time. For the width and minimum enclosing
disk problems no exact solutions are known,
but a (1 + δ)-approximation of
√
the width
can
be
obtained
with
an
O(1/
δ
·
n
log2 n) space data structure in
√
O(1/ δ · log3 n) time [69], while the radius of a minimum enclosing disk can be
approximated using coresets [101].

6.3

Categorical range searching

Consider the following generalization of the query we considered earlier: “Give
me the different job positions of those employees hired between 2001 and 2004
who earn between 60 000 and 80 000 per year”. This problem can obviously
be solved using standard orthogonal range reporting by augmenting the above
points with the job position of the corresponding employee and then scanning through the output list. However, this solution may be very inefficient as
the number of employees with the same job position could be huge. In range
searching terminology, the above problem is an instance of categorical range
reporting (a.k.a. colored range reporting or generalized range reporting). For
categorical range reporting, we assume the input consists of a set of N points
in d-dimensional space, each assigned a color. The goal is to represent the points
in a data structure, such that given an axis-aligned query rectangle, one can
efficiently report the set of distinct colors assigned to points contained in the
query rectangle. While the categorical range reporting problem has numerous
applications (for example in document retrieval, IP package routing, geographic
information systems and VLSI layout, see [6, 70, 80]), determining the exact
complexity of the problem remains open, even in the two-dimensional case.
The categorical range reporting problem was first introduced by Janardan
and Lopez in 1993 [80]. Their solutions are for the pointer machine model
and they presented an optimal O(N ) space and O(log N + K) query time data
structure for one-dimensional categorical range reporting. Here, and throughout the chapter, K denotes the number of distinct colors in the output of a
query, and space is measured in number of words. For the (four-sided) twodimensional problem, they presented two different tradeoffs: One data structure using O(N log N ) space and answering queries in O(log2 N + K) time and
one using O(N log2 N ) space and answering queries in optimal O(log N + K)
time.
The next results on the two-dimensional problem were due to Agarwal et
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al. [6]. They studied the problem in the word-RAM model and assumed the
coordinates of the input points lie on a U ×U integer grid. For such inputs, they
presented a data structure using O(N log2 U ) space and answering queries in
O(log log U +K) time. This query time is optimal by reduction from predecessor
search [106]. Agarwal et al. also consider the case where the query is three-sided.
For this problem, they present a data structure using O(N log N ) space and
answering queries in O(log log U + K) time. Again the query time is optimal.
Subsequently, Shi and JaJa [113] presented a linear space pointer machine
data structure that answers three-sided queries in optimal O(log N + K) time.
By a standard reduction, this also gave an O(N log N ) space data structure
for four-sided queries, answering queries in optimal O(log N + K) time. Other
variants of categorical range reporting were investigated by Gupta et al. [70]
and Bozanis et al. [35, 36], with a main focus on dynamic data structures and
other types of query ranges.
Very recently, several results were presented for categorical range reporting
in the I/O-model [89, 100]. In [100], Nekrich presents a number of tradeoffs
for three-sided queries: His first data structure uses linear space and answers
queries in O((N/B)ε + K/B) time, where ε > 0 is an arbitrarily small constant.
Note that the desired output term in the I/O-model is O(K/B) and not O(K),
since writing K output points to disk costs O(K/B) I/Os. For input points with
coordinates on an N × N grid (rank space), he presented two additional data
structures for three-sided queries, one answering queries in optimal O(1+K/B)
I/Os using O(N log log N log log log N ) space, and one answering queries in
O(logε log N +K/B) I/Os with O(N log log N ) space, where ε > 0 is an arbitrarily small constant. Finally, he presented a data structure for three-sided queries
when the coordinates are on a U × U grid. This data structure answers queries
in O(log logB U + K/B) I/Os and uses O(N log log N log log log N ) space. The
query time is optimal by reduction from predecessor search [106]. Using these
data structures as building blocks, he also obtained an improved data structure
for the general problem on a U ×U grid, using O(N log N log log N log log log N )
space and answering queries in optimal O(log logB U + K/B) I/Os. We note
that all the data structures of Nekrich can be implemented using only comparisons, at the cost of increasing the search cost to O(logB N ). They can also be
implemented in the word-RAM at the cost of removing the B’s from the above
bounds. His results for input points with coordinates on a U × U grid thus
improve over the previous best word-RAM results of Agarwal et al. [6]
For the related problem of one-dimensional categorical range counting (that
is, counting the number of different colors in a one-dimensional range), Gupta
et al. [70] showed a reduction to two-dimensional range counting without colors.
Thus using the two-dimensional range counting word-RAM data structure of
JaJa et al. [79], one can solve the problem in linear space and O(log N/ log log N )
time. This bound is optimal for two-dimensional range counting [104], but is
not known to be optimal for the one-dimensional categorical range counting
problem.
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Unconditional lower bounds. Since standard range reporting is a special case of categorical range reporting, we can conclude that any I/O-model
data structure with O(f (N, B) + K/B) query time for two-dimensional categorical range reporting (four-sided queries) must use Ω(N log N/ log f (N, B))
space [19]. When coordinates can only by compared, the optimal bound on
f (N, B) is O(logB N ), so the space lower bound is Ω(N log N/ log logB N ). We
note that O(logB N ) is also the best achievable query time for two- and threesided queries when coordinates can only be compared. When coordinates are
integers on a U × U grid, where U = N 1+Ω(1) , the optimal bound on f (N, B) is
O(log logB U ) for all three variants [106]. Finally, if points are on an N ×N grid,
only the four-sided problem has an Ω(log logB N ) lower bound [106], whereas
two- and three-sided queries can be solved with f (N, B) = O(1).
In the word-RAM, the only lower bounds known are obtained by reduction
from predecessor search. This allows us to conclude that for any N logO(1) N
space, the query time must be Ω(log log U + K) for the four-sided problem on
points with coordinates on a U ×U grid. For the three-sided problem on a U ×U
grid we can similarly conclude that the query time must be Ω(log log U + K) for
any N logO(1) N space, provided that U = N 1+Ω(1) . We note that on an N × N
grid, the standard three-sided problem can be solved in O(1 + K) time [11],
while the four-sided problem still has an Ω(log log N + K) lower bound [106].
Since these word-RAM lower bounds do not specify precisely what space we
can achieve in optimal query time, we mention that the best known solution
for standard range reporting (four-sided) in the word-RAM answers queries in
optimal O(log log U + K) time using O(N logε N ) space, where ε > 0 is an
arbitrarily small constant [44].

6.4

Contributions

Most of the contributions in this part of the dissertation are of a more theoretical
nature, and include reductions showing that lower-bounds can be carried over
between certain problems. Still, some of the presented data structures may
very well be implemented. We now give an overview of the results obtained in
the following chapters.

Range diameter queries
As mentioned earlier, we are interested in internal-memory data structures that
store a set of points in the plane such that the furthest pair of points in a given
orthogonal query range can be found efficiently. The currently best-known
data structure for this problem uses O((N + (N/k)2 ) log2 N ) space and has
O(k log5 N ) query time, for 1 ≤ k ≤ N [69]. In other words, a data structure
with polylogarithmic query time requires almost quadratic space. In Chapter 7,
we show that this is also likely the best possible (up to polylogarithmic factors).
We come to this conclusion by giving a reduction from the set intersection problem, for which it is widely believed that no significantly better solution exists.
We also give two lower bounds for related problems using similar reductions.

6.4. Contributions
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Finally, we show that range diameter queries can be answered much more efficiently for the case of points in convex position by describing a data structure of
size O(N log N ) that supports queries in O(log N ) time. The amount of space
used by this data structure can be reduced at the expense of query time. The
same techniques can also be used to construct a data structure for answering
range width queries with the same space and time bounds.

Categorical range reporting
In Chapter 8, we obtain several improved results on orthogonal range reporting
on two-dimensional categorical data, as well as a new, tight lower bound for
one-dimensional categorical range counting (i.e. counting the number of distinct colors in a query interval). For the word-RAM, we obtain a linear space
data structure with O(log log U + K) query time for input points on a U × U
grid and O(1 + K) query time for input points on an N × N grid, where K
is the number of distinct colors in the output, which is optimal in both cases.
For the I/O-model, we present two alternative data structures for three-sided
queries (rectangular ranges that are unbounded on one side). The first data
structure answers queries in optimal O(logB N + K/B) I/Os using O(N log∗ N )
space, where log∗ N denotes the iterated logarithm of N , that is, the smallest
value h such that log(h) N is constant. Our second data structure uses linear space and answers queries in O(logB N + log(h) N + K/B) I/Os for any
constant integer h ≥ 1. Here log(h) N is the logarithm iterated h times, that
is, log(1) N = max{1, log N } and log(i) N = max{1, log(log(i−1) N )}. We show
that the logB N terms in the query costs can be reduced to optimal log logB U
when the input points lie on a U × U grid, and even further to just O(1) if the
points are given on an N × N grid. Both solutions also lead to improved data
structures for four-sided queries.

Chapter 7
Two-Dimensional Range Diameter Queries
Computing the diameter of points contained in a rectangular query range (see
Figure 7.1) is an interesting type of range aggregate extent query for which no
efficient data structure currently exists. More formally, the problem we study in
this chapter is preprocessing a set of points from R2 into a data structure such
that given an orthogonal range query, we can find the pair of furthest points
within the query range efficiently. We are specifically interested in finding
out why this and related (sub)problems turn out to be hard, and whether
restrictions on the input (such as convexity) make the problem easy to solve.

Our contribution
In Section 7.1, we look into the hardness of range diameter queries. We show
that determining the disjointness of two sets among a collection of sets, that
is, a set-intersection query, can be solved using a range diameter query over
a suitable set of points (reducing set-intersection queries to other problems
has been previously considered to study the hardness of approximate distance
oracles [49, 105]). Obtaining space-efficient data structures that support setintersection queries is known to be hard. A folklore conjecture states that,
for m sets of cardinality polylogarithmic in m, answering a set-intersection
query in O(1) time requires an Ω̃(m2 ) space data structure1 , and answering
a set-intersection query in polylogarithmic time (but asymptotically smaller
than the maximum cardinality of the sets) requires Ω̃(m2−ε ) space [105]. Our
reduction in Section 7.1.1 implies that range diameter queries are as hard as setintersection queries in the real-RAM without the floor function. We conjecture
that Ω̃((N/k)2 ) space is required to answer range diameter queries in Õ(k) time.
As previously mentioned, in answering range diameter queries using a divide and conquer strategy, computing the diameter of two disjoint point sets
arises as a subproblem. In 1985, Edelsbrunner [55, Section 4] considered the
related problem of computing the diameter of two convex polygons that are
separated by a vertical line and are preprocessed independently. He showed
that if each polygon is represented as a list of vertices, then linear query time
in the number of vertices of the larger polygon is required. In Section 7.1.2, we
show a cell probe lower bound that is almost linear in the number of vertices
1

We use tilde notation to hide polylogarithmic factors.
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query range
range diameter

Figure 7.1: The answer to a range diameter query is a pair of points that are
furthest away in a given orthogonal range.
of the smaller polygon, no matter how much space and preprocessing time is
spent. This lower bound not only addresses an open problem mentioned by
Edelsbrunner [55], but also may be a step forward in proving our lower bound
conjecture in Section 7.1.1 for range diameter queries.
Our reduction from set-intersection queries to range diameter queries uses
a hard instance of the problem consisting of a set of points placed on a number
of concentric circles, thus the set is not in convex position (see Figure 7.2). In
Section 7.2, we show that range diameter queries can be answered much more
efficiently in case points are in convex position. In particular, we describe a data
structure that stores a set of N points in convex position using O(N log N )
space such that range diameter queries can be answered in O(log N ) time.
Interestingly, this data structure is not as trivial as one might expect.
In Section 7.2, we also show how to adapt and extend the range diameter
data structure to create a data structure with the same space and query bounds
for finding the width within any given query range of a set of points in convex
position.

7.1

Reduction from set-intersection queries

In this section, we provide support for the hardness of range diameter queries
by presenting a reduction from the set-intersection problem. This reduction
implies a lower bound for range diameter queries based on a generalization of
a folklore conjecture for the set-intersection problem. We finish this section by
proving a lower bound for determining the diameter of two convex polygons that
are separated by a vertical line. This problem usually arises as a subproblem
in answering range diameter queries. We conclude that this lower bound may
be a step forward in proving our conjecture for range diameter queries.
The set-intersection problem is to preprocess m sets S1 , S2 , . . . , Sm of positive real numbers into a data structure that supports set-intersection queries
asking whether the sets Si and Sj are disjoint, for given query P
indices i and j.
Let T be the total number of elements in the sets, that is T = m
i=1 |Si |.
Theorem 7.1 Given a data structure of size s(N ) that supports range diameter
queries in t(N ) time on any point set of N in the plane, we can build a data
structure of size s(2T ) supporting set-intersection queries in t(2T ) time.
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S1

S2

S3

S4

Figure 7.2: Example of the reduction in Theorem 7.1. Each element e is shown
as a line y = ex, with points at the intersections with circle ci if and only
if e ∈ Si . The dashed query rectangle is used to report whether S3 and S4
intersect. As the diameter (indicated by the dashed line) is less than r3 + r4 ,
S3 ∩ S4 = ∅. Note that S2 ∩ S3 6= ∅.
Proof. We transform sets S1 , S2 , . . . , Sm into a set P of 2T points in the plane,
and show that any set-intersection query can be answered using an appropriate
range diameter query on P .
Let ri = 2i−1 for i = 1, . . . , m. We map each e ∈ Si to two points in P ,
positioned on the first and third quadrant of the circle ci with radius ri centered
on (0, 0). The positions are determined by the two intersection points of the
line y = ex with ci (see Figure 7.2). Note that for e ∈ Si and e ∈ Sj , the
distance between the corresponding points on the first quadrant of ci and the
third quadrant of cj is ri + rj . By the triangle inequality, for e ∈ Si and e0 ∈ Sj ,
where e 6= e0 , the distance between the point corresponding to e on the first
quadrant of ci and the point corresponding to e0 on the third quadrant of cj
is less than ri + rj . Therefore, to find out whether Si and Sj are disjoint, we
ask a range diameter query over the rectangle with bottom-left point (−ri , −ri )
and top-right point (rj , rj ). If the diameter of the points within this rectangle
is ri + rj , then Si ∩ Sj 6= ∅, and if the diameter is smaller than ri + rj , then
Si ∩ Sj = ∅ (they are disjoint).
t
u

7.1.1

Conditional lower bound

We can naively solve the set-intersection problem with O(1) query time using
O(m2 ) space by tabulating the answers to all queries. Cohen and Porat [49]
note that it is also possible to construct a data structure of size O((T /k)2 ) that
supports set-intersection queries in O(k log T ) time, for a parameter k where
1 ≤ k ≤ T . The solution simply consists in tabulating the answers of queries
for which both sets have at least k elements. Otherwise, let Si and Sj be the
queried sets and assume w.l.o.g. that Si has less than k elements. We then simply search for each element of Si in Sj in logarithmic time. (The query time can
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be improved to O(k) using linear perfect hashing in the word-RAM [48, 49].)
Note that the same approach was used in [69] to obtain the currently best
known data structure for range diameter queries. Pǎtraşcu and Roditty [105]
describe a folklore conjecture stating that Ω̃(m2 ) space is required to support
set-intersection queries in O(1) time, for a universe of size polylogarithmic in
m. They also strengthen the conjecture to polylogarithmic query time (but
asymptotically smaller than the maximum cardinality of the sets) and a space
lower bound of Ω(m2−ε ) in the cell probe model. The following is a generalization of their conjecture, which would imply that the best known upper bound
of Cohen and Porat [49] is optimal up to polylogarithmic factors.
Conjecture 7.1 Given a collection of m sets of T real numbers in total, where
the maximum cardinality of the sets is polylogarithmic in m, any real-RAM data
structure that supports set-intersection queries in Õ(k) time without using the
floor function, requires Ω̃((T /k)2 ) space, for 1 ≤ k ≤ T .
From Theorem 7.1 and Conjecture 7.1, we conclude the following.
Theorem 7.2 Assuming Conjecture 7.1, any real-RAM data structure that
supports range diameter queries on a set of N points from R2 in Õ(k) time
without using the floor function, requires Ω̃((N/k)2 ) space, for 1 ≤ k ≤ N .
Remark. In our reduction in Section 7.1, we transform a collection of sets
into a set of points with exponentially large coordinates. As a result, the lower
bounds for the set-intersection problem only imply lower bounds for range diameter queries in a computational model where working with unbounded numbers
is allowed (such as the real-RAM). An interesting open problem is to give an
equivalent transformation algorithm in the word-RAM. Such a transformation
would imply that cell probe lower bounds for the set-intersection problem also
apply to range diameter queries.

7.1.2

Diameter of two convex polygons

We prove a lower bound for the problem of representing two convex polygons
P and Q in the plane, that are separated by a vertical line (the preprocessing of each polygon into its representation is oblivious to the other polygon),
such that we can determine the furthest pair of points in P ∪ Q using the two
representations. This problem often arises as a subproblem when answering
range diameter queries, in case we divide a query into disjoint subqueries and
then combine the answers of the subqueries. Our lower bound essentially shows
that it is hard to combine the answers of two subqueries if we do not store any
information about both subqueries together. This may be a step forward in
proving Theorem 7.2 unconditionally.
In 1985, Edelsbrunner [55, Theorem 4.1] showed that if we represent a polygon as a list of vertices, then Ω(|P |+|Q|) is a lower bound on the worst-case time
complexity of determining the diameter of P ∪ Q. He raised the question of determining the complexity of the problem for other representations of polygons.

7.2. Points in convex position
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We address this open problem by proving a lower bound of Ω̃(min{|P |, |Q|}) for
any representation of the polygons, derived by a reduction from the asymmetric
(lopsided) version of the set-disjointness problem in communication complexity. Our reduction is similar to the reduction from set disjointness to computing
the diameter of a planar point set [107, Section 4.2.3]. This reduction implies
a lower bound of Ω(N log N ) time to compute the diameter of a planar point
set in the algebraic computation tree model.
The asymmetric set-disjointness problem in communication complexity can
be described as follows. Alice has a set A and Bob has a set B, and they
wish to determine whether sets A and B are disjoint, given that A, B ⊆ [N ],
and |A| < |B| < N/2. It is known that Alice and Bob need to communicate
at least Ω(|A|) bits in this case [97]. This lower bound implies that for any
representation of two given sets A and B, Ω̃(|A|) time is required to establish
the disjointness of A and B in the cell probe model. We use this lower bound
to prove the following.
Theorem 7.3 For any independent representation of two convex polygons P
and Q that are vertically separated, finding the furthest pair of points in P ∪ Q
requires Ω̃(min{|P |, |Q|}) time, in the cell probe model.
Proof. As previously mentioned, Ω̃(|A|) time is required to determine whether
sets A and B are disjoint, for any representation of given sets A and B, where
A, B ⊆ [N ], and |A| < |B| < N/2. We construct two vertically separated point
sets P and Q corresponding to A and B respectively, and then we show that
the disjointness of A and B can be verified by finding the diameter of P ∪ Q.
We map each element e ∈ A to a point positioned on the intersection point
of the line y = ex with the first quadrant of the unit circle. Similarly, we map
each element e ∈ B to a point positioned on the intersection point of the line
y = ex with the third quadrant of the unit circle. Hence, P has |A| points and
Q has |B| points. It is clear that there exists an element e belonging to both
A and B if and only if there exist a point p ∈ P and a point q ∈ Q such that
the distance between p and q is 2. We compute the diameter of P ∪ Q. If the
diameter is 2 then there is a common element in A and B, and otherwise (the
diameter is less than 2) A and B are disjoint.
t
u

7.2

Points in convex position

As it appears unlikely that we can get polylogarithmic query time when using
O(N 2−ε ) space for range diameter queries on sets of N points, we consider in
this section the case of sets of points in convex position. For this case we describe
data structures with polylogarithmic query time using near-linear space. The
precise bounds on space and query time depend on the choice of underlying
data structures. We also describe a data structure for the range width problem
with the same bounds.
Let a section of a convex polygon be a sequence of consecutive vertices of
that polygon. We first describe how to find the (at most four) disjoint sections
containing all the vertices covered by a query range (see Figure 7.3). Second, we
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P
y2
q
y1
x1

x2

Figure 7.3: Range diameter query on the vertices of a convex polygon. In
this example, the query range covers three disjoint sections. Predecessor (and
successor) queries are indicated by arrows. The white vertices are within the
query range and determine the sections of q ∩ P .
show how to solve the problem of finding the furthest pair of points between two
given sections. For the description and analysis of our approach to answering
such section–section queries we review a characteristic of convex polygons called
modality and a derivative thereof that we use in our analysis. We show that
section–section queries can be answered efficiently using two data structures:
one storing the distances between a set of O(N ) selected point pairs explicitly,
and one for answering point–section queries, a special case of section–section
queries in which one section contains only one point.

7.2.1

Reduction to section–section queries

The following lemma is easy to prove using predecessor data structures (Figure 7.3).
Lemma 7.1 A convex polygon P = (p1 , p2 , . . . , pN ) can be preprocessed to obtain a linear space data structure for finding the at most four sections of P
intersecting a given query range q = [x1 : x2 ] × [y1 : y2 ] in O(log N ) time.
Let Sa be the sequence of points in the ath section of q ∩ P . The diameter
of the points in q ∩ P can be found by taking the maximum of all point pair
distances in all pairs of sections: maxa,b {maxp∈Sa ,q∈Sb {d(p, q)}}, where d(p, q)
is the Euclidean distance between points p and q. We can therefore focus on
determining the maximum point pair distance between two (possibly equal)
sections Sa and Sb .

7.2.2

Section–section queries

The main complicating factor in designing algorithms for convex polygons appears to be the fact that for a given vertex of a convex polygon the sequence of
distances to the other vertices in order around the polygon may contain more
than one local maximum. The maximum number of local maxima in the distance sequence of any vertex of a polygon P = (p1 , p2 , . . . , pN ) is called the
modality of P . More formally, take p0 := pn , pN +1 := p1 , and let Mi := {1 ≤
j ≤ N : d(pi , pj−1 ) < d(pi , pj ) and d(pi , pj+1 ) < d(pi , pj )} be the set of local
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maxima for vertex pi , then the modality of P is maxN
i |. Avis et al. [27]
i=1
P|M
N
show there exist polygons for which the total modality i=1 |Mi | = Θ(N 2 ), so
we cannot hope for a space-efficient data structure that stores the local maxima
for all vertices.
Reciprocal modality. The main observation on which our solution to the
section–section problem is based is that, given two sections Sa and Sb , in case
we know that a point p ∈ Sa is not a local maximum in the distance sequence
of point q ∈ Sb , the distance d(p, q) cannot be the maximum distance between
Sa and Sb unless p is either the first or the last point in Sa , because otherwise
both neighbours of p in P are in the query range and the distance from q to one
of those neighbours is larger than d(p, q). This observation implies that for any
pair of sections Sa and Sb , the furthest point pair is either a pair of reciprocal
local maxima for which both points are local maxima in each other’s distance
sequence, or one of the points is the first or the last in its section. The largest
distance between Sa and Sb is therefore equal to the maximum of
1. the distance of the furthest pair of reciprocal local maxima of which one
point is in Sa and the other point is in Sb , and
2. the distance from the first/last point in Sb (Sa ) to the furthest point in
Sa (Sb ).
The furthest pair of reciprocal local maxima can be found in the following
way. Let Q be a set containing a point (i, j) for each pair of reciprocal local
maxima (pi , pj ), that is, Q := {(i, j) | j ∈ Mi and i ∈ Mj }. To each point (i, j)
we assign a weight of d(pi , pj ). We create a two-dimensional range-maximum
data structure over Q to be able to efficiently find the point with maximum
weight within a given orthogonal query range, if it exists. Let fa be the index
of the first point in Sa and la the index of the last point in Sa . Note that the
points in Q inside a range [fa : la ] × [fb : lb ] (for fa ≤ la and fb ≤ lb ) represent
the pairs of reciprocal local maxima between Sa and Sb , so the point in this
range with the highest weight corresponds to the furthest pair of reciprocal local
maxima between Sa and Sb . In case fa > la or fb > lb , we take the maximum
of two or four queries covering the whole query range.
To bound the amount of space necessary for the 2D range-maximum data
structure, we show that the reciprocal modality |Q| = O(N ).
Lemma 7.2 The reciprocal modality of the vertex set of any convex polygon
P = (p1 , p2 , . . . , pN ) is O(N ).
Proof. We show that any pair p, q of reciprocal local maxima is also an antipodal
pair, that is, there exist parallel lines through p and q such that all other points
of P lie between these lines. As the number of antipodal pairs is linear [107,
Section 4.2.3], the number of reciprocal local maxima, and hence the reciprocal
modality, is O(N ).
Consider a pair p, q of reciprocal local maxima and draw parallel lines `p and
`q through p and q, orthogonal to a line through both vertices (see Figure 7.4).
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`p

p

`q
q

Figure 7.4: If p and q are reciprocal local maxima, they also form an antipodal
pair.
As the vertices neighbouring p and q in the polygon must be closer to q and p,
respectively, they must also be between `p and `q . By convexity, all points of
P must be between `p and `q , so p and q form an antipodal pair.
t
u
Point–section queries. Finally, we need a data structure for answering
point–section queries. For this problem we can use a data structure of Aronov
et al. [26] that uses O(N log3 N ) space to answer queries of the following type
in O(log N ) time: For a point q in the plane and a section of the polygon, find
the point in this section furthest away from q. In our case q is always a vertex
of the polygon, allowing us to design a data structure that uses less space.
Lemma 7.3 The vertices of a convex polygon P = (p1 , p2 , . . . , pN ) can be preprocessed into a data structure of size O(N log N ) such that queries of the following type can be answered in O(log N ) time: given three indices i, j and k
such that j ≤ k, find the furthest point from pi in the range (pj , pj+1 , . . . , pk ).
Proof. Our structure is a two-level structure, where the first level consists of a
balanced binary search tree on the indices of the vertices of P with every vertex
represented by a leaf. For every node v of the tree, let P (v) denote the canonical
set of v, that is, the set of vertices in the subtree rooted at v. Let S(v, x) be
the set of vertices z ∈ P for which x ∈ P (v) is the furthest vertex among all
vertices in P (v), that is, S(v, x) := {z ∈ P | x = arg maxy∈P (v) d(z, y)} (see
also Figure 7.5). Because each S(v, x) forms a consecutive subsequence of P we
can store a list L(v) of the indices of the first vertex in S(v, x) for each x as a
second-level data structure for each node v. This requires O(N log N ) space in
total.
Queries for indices i, j and k can be answered as follows. Find the O(log N )
nodes whose canonical sets together cover (pj , pj+1 , . . . , pk ), but whose parents
contain vertices outside the range. For each node v found in this way, do a
binary search in L(v) for i to obtain the furthest point from pi among P (v).
By taking the maximum distance obtained from all these nodes we get the
answer to the query in O(log2 N ) time. Since we search for the same value i in
all O(log N ) lists, we can apply fractional cascading to obtain O(log N ) query
time.
t
u
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P (v)
x2

x3

S(v, x1 )

x1
S(v, x3 )

S(v, x2 )

Figure 7.5: Example subdivision of P into sets of points that have the same
vertex in P (v) as their furthest point, where the dashed diagram shows the
regions of the plane with the same furthest point among the vertices of P (v).
The indices of the white vertices are saved in L(v).
Alternatively, we can use a linear space data structure with higher query
time.
Lemma 7.4 The vertices of a convex polygon P = (p1 , p2 , . . . , pN ) can be preprocessed into a data structure of size O(N ) such that queries of the following
type can be answered in O(log2 N ) time: given three indices i, j and k such that
j ≤ k, find the furthest point from pi in the range (pj , pj+1 , . . . , pk ).
Proof. Build a range tree as for Lemma 7.3, but without the second level.
Instead, we add a secondary key to each node v to support searching for the
furthest point from query point pi inside P (v). The secondary key represents
the range of vertices of P whose furthest point is in the left subtree of v.
For answering a query, we again find the O(log N ) nodes whose canonical
sets together cover (pj , pj+1 , . . . , pk ). For each such node v, find the furthest
point from pi among P (v) using the secondary keys. By taking the maximum
distance obtained from all these nodes we can answer the query in O(log2 N )
time.
t
u
Now that we have described all necessary components, we can put them
together to obtain the main result of this section.
Theorem 7.4 Given a convex point set, we can construct (1) in O(N log N )
time an O(N log N ) space data structure that answers range diameter queries
in O(log N ) time, or (2) an O(N logε N ) space data structure with O(log2 N )
query time in the word-RAM model.
Proof. The predecessor structures of Lemma 7.1 use O(N ) space and take
O(log N ) time per query, and can be constructed in O(N log N ) time. We construct set Q, containing pairs of indices of reciprocal local maxima, in O(N ) time
by inspecting all antipodal pairs, which can be enumerated in linear time [107].
For result (1) we store Q in the 2D range maximum data structure of Gabow
et al. [66], which answers queries in O(log N ) time using O(N log N ) space, and
can be constructed in O(N log N ) time. For result (2) we use a data structure
of Chan et al. [44] that has O(log log N ) query time using O(N logε N ) space
in the word-RAM model.
Point–section queries are answered by constructing in O(N log N ) time, (1)
the data structure of Lemma 7.3, using O(N log N ) space and O(log N ) query

90

Chapter 7. Two-Dimensional Range Diameter Queries

time, or (2) the data structure of Lemma 7.4, using O(N ) space and O(log2 N )
query time.
As described, range maximum queries can be answered using a constant
number of queries on these data structures.
t
u

7.2.3

Range width

Recall that the width of a set of points in the plane is the smallest distance
between any two parallel lines enclosing all points. For sets of points in convex
position, it is easy to show that these lines are always incident to antipodal
pairs, suggesting that we can follow a similar approach to answering range width
queries in convex polygons as we did for answering range diameter queries. We
now sketch how to build on the techniques described above to develop such a
data structure.
We follow the same structure and first split the query into sections. For each
pair of sections, we find the closest antipodal pair using a 2D range minimum
data structure on the indices of the vertices forming antipodal pairs. We then
only need to show how to answer point–section queries. The main difference
between the two problems is that for range width, we cannot answer point–
section queries in isolation: a valid pair of points and incident parallel lines
may exist for a given point and section, while no parallel lines through these
points exist that enclose all other points. Therefore, we shrink the section to
only include points that allow valid parallel lines. As a preprocessing step, we
use the rotating calipers algorithm to find for each edge of the polygon the one
or two vertices that are furthest away from the line through that edge [107].
For a point–section query on indices i, j, and k, we first find the vertices pj 0 and
pk0 opposite edges (pi , pi+1 ) and (pi−1 , pi ) (where p0 := pN and pN +1 := p1 ),
taking the vertices that are furthest apart in case of parallel edges. Then, we
search for the closest point to pi within the range [j : k] ∩ [j 0 : k 0 ].

Chapter 8
Near-Optimal Range Reporting Structures
for Categorical Data
In this chapter, we present significant improvements for the three-sided categorical range reporting problem. As mentioned earlier, we provide optimal
word-RAM and near-optimal I/O-model data structures for categorical range
reporting when the query rectangles are unbounded in one direction, i.e. they
are of the form [x0 : x1 ] × (−∞ : y]. In the literature, three-sided range queries
have received perhaps even more attention than the general four-sided problem.
This is owed mainly to two things: It is the “hardest” range searching problem
that still admits linear space solutions with less than polynomial query time,
and secondly, almost all solutions for the general problem use data structures
for three-sided queries as building blocks. Indeed, using our three-sided data
structures as black boxes, we also obtain improved word-RAM and I/O-model
data structures for the general problem.

Our contribution
Our main results are near-optimal data structures for three-sided categorical
range reporting in the I/O-model and optimal data structures in the word-RAM.
More specifically, in Sections 8.1 and 8.2 we show that for any integer h ≥ 1 (not
necessarily constant), one can obtain a data structure for three-sided queries
that uses O(N h) space and answers queries in O(logB N +log(h) N +K/B) I/Os.
At one extreme of the tradeoff, we get that for any constant integer h ≥ 1, there
exists a linear space data structure answering queries in O(logB N + log(h) N +
K/B) I/Os. At the other extreme, we get a data structure using O(N log∗ N )
space and answering queries in O(logB N + K/B) I/Os. Note that the previous
fastest I/O-model data structure with linear space usage answers queries in
O((N/B)ε + K/B) I/Os! The best previous data structure with optimal query
time uses O(N log log N log log log N ) space.
In Section 8.3, we extend our I/O-model results to the case where points
have coordinates on a U × U grid. In this case, we reduce the logB N term
in the query bounds to an optimal log logB U term. Finally, for points on an
N × N grid, we reduce it all the way to O(1). This again improves over all the
previous best tradeoffs.
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For the word-RAM, we present in Section 8.4 an optimal O(N ) space and
O(log log U + K) query time data structure when points have coordinates on
a U × U grid. We improve the query time further to O(1 + K) when the
points are on an N × N grid. The best previous linear space data structure in
the word-RAM is in fact the pointer machine result with O(log N + K) query
time. The best previous result with optimal O(log log U + K) query time is the
O(N log log N log log N ) space data structure of Nekrich.
Using a standard reduction, all these results (except for the N × N grid)
extend to four-sided queries at the cost of increasing the space by a log N factor.
This improves over all the previous tradeoffs in both models.
Finally, in Section 8.5, we establish a tight lower bound for one-dimensional
categorical range counting. This lower bound is established by giving an elegant
reduction from (standard non-colored) two-dimensional range counting to onedimensional categorical range counting. Not only does this establish a tight
Ω(log N/ log log N ) lower bound on the query time of any N logO(1) N space
word-RAM data structure [104], but combined with the previous reduction from
one-dimensional categorical range counting to two-dimensional standard range
counting [70], it leads to the very surprising conclusion that the two problems
are identical!

Note on duplication of colors
In previous work, categorical range reporting data structures were allowed to
report the same color from within a query range a constant number of times,
and not necessarily just once (note that since it is a constant number of times,
the O(K) or O(K/B) term in the reporting time remains unchanged). This
assumption can easily be removed in the word-RAM by removing duplicates in
the output either by using an array indexed by color or hashing. The assumption
is a little more questionable in the I/O-model, but we still make it and note
that this was also assumed in the previous I/O-model results.

8.1

Three-sided categorical range reporting

In this section we present a linear space data structure for answering three-sided
categorical range queries in O(log(N/B) + K/B) I/Os based on ideas from the
internal-memory data structures by Mortensen [98] and Shi and JaJa [113].
This is not yet the query time we are aiming for, but the data structure will be
used as a building block for our final data structure in the next section.
In Section 8.1.1 we first describe a standard reduction of three-sided categorical range reporting to offline partially-persistent one-dimensional categorical
range reporting. Then, we show how to solve this one-dimensional problem
by dividing the points into buckets of size B and building a binary tree of
height O(log(N/B)) over the buckets. Following [98] and [113], we then assign
a y-coordinate representing a level in the binary tree to each one-dimensional
point. We show that a one-dimensional range query on the original points can
be answered using two three-sided non-colored range queries on two transformed
point sets that have only O(log(N/B)) different y-coordinates.

8.1. Three-sided categorical range reporting
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In Section 8.1.2 we begin by constructing a simple partially-persistent onedimensional data structure, which can be used for each of the O(log(N/B)) ycoordinates in the above reduction. This data structure supports range queries
in O(1 + K/B) I/Os when given a pointer to the disk block storing the leftmost point inside a query range. To find these leftmost points for each of the
O(log(N/B)) one-dimensional data structures, we construct a rectangular subdivision of the plane for each of them, and show that a point location query can
be used to find the desired leftmost points. We overlay all O(log(N/B)) rectangular subdivisions and use a known rectangle-stabbing data structure with
query complexity O(log(N/B) + K/B) I/Os to perform all O(log(N/B)) point
locations simultaneously. Note that the output size is only O(log(N/B)), so
the total cost of this rectangle-stabbing query is O(log(N/B)) I/Os.

8.1.1

Reduction to partially-persistent three-sided non-colored
range reporting

The three-sided categorical range reporting problem can be solved using a data
structure for offline insertion-only partially-persistent one-dimensional categorical range reporting [70]. Such a data structure processes a sequence of N insertions of one-dimensional colored points with increasing timestamps, which we
think of as the insertion times. Given a query interval [x0 : x1 ] and a timestamp
t, the data structure reports all colors contained in the interval [x0 : x1 ] as if
only updates with timestamp at most t were performed.
The three-sided categorical range reporting problem can be solved using
such a data structure by applying the following reduction: Given the N colored
input points in R2 , sweep a horizontal line from y = −∞ towards ∞ and insert
points (x, y) into the offline one-dimensional categorical range reporting data
structure when they are hit by the sweep line, i.e. we map each point (x, y)
to the one-dimensional point with coordinate x and insertion timestamp y. A
query [x0 : x1 ] × (−∞ : y0 ] now translates into the one-dimensional query
[x0 : x1 ] with the query timestamp set to y.
Offline one-dimensional insertion-only partially-persistent categorical range reporting. We now show how to solve offline one-dimensional
insertion-only partially-persistent categorical range reporting using a data structure for partially-persistent two-dimensional three-sided non-colored range reporting where the number of different y-coordinates is O(log(N/B)).
We first divide the set of x-coordinates of all input points into N/B buckets
of size B and the points in each bucket are stored together with their insertion
timestamps in O(1) disk blocks. Then we conceptually build a balanced binary
tree of height O(log(N/B)) with these buckets as leaves. Let b(p) denote the
bucket containing a point p, and h(v) the height of node v in the tree, counting
from the leaves up, so the leaves have height 0.
Now process the input points in order of insertion time, and let p with color
χ be any inserted point for which there is no χ-colored point right of p in b(p) (at
the time of the insertion). We maintain a value yl (p), which is the height h(a) of
the lowest ancestor a of b(p) for which there are no inserted points with color χ
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right of p in the range covered by the subtree rooted at a (see Figure 8.1(a)). At
any step during the insertions, we let Pl denote the two-dimensional point set
consisting of the set of currently inserted one-dimensional points that are the
rightmost in their bucket. A point p is represented in Pl as the two-dimensional
point with the same x-coordinate as p, and with y-coordinate yl (p).
When inserting a point p, it might be that there was already at least one
point with color χ in the subtree rooted at a. If this is the case, we find the
rightmost point p0 amongst all points in the subtree rooted at a with color χ.
We then find the lowest common ancestor a0 of p and p0 , delete p0 from Pl , and
in case b(p0 ) 6= b(p) we re-insert p0 with y-coordinate h(a0 ) − 1. This operation
re-establishes the representation of each point in Pl , i.e. any point p which is
the rightmost of its color inside b(p), is represented by (x, yl (p)) in Pl , where x
is the x-coordinate of p.
The point set Pl can thus be maintained with at most one insertion and
one deletion for each one-dimensional point that is inserted. We now store Pl
in a partially-persistent data structure for answering three-sided range queries
(no colors, but insertions and deletions), but where the number of different ycoordinates is only O(log(N/B)). The partial persistence allows us to query Pl
as it was after processing only the one-dimensional insertions with timestamp at
most t, for any t. This partially-persistent structure is described in Section 8.1.2.
To answer a query [x0 : x1 ] at timestamp t, we first find the lowest common
ancestor a of x0 and x1 . In case b(x0 ) = b(x1 ) we spend O(1) I/Os to read
this bucket from disk and simply solve the range reporting problem in internal
memory at no I/O costs. Otherwise, we answer the query in two parts (so we
may report colors twice). Let c0 be the child of a containing b(x0 ) in its subtree
and let c1 be the child containing b(x1 ) in its subtree. A left query is used for
finding the relevant colors in the subtree rooted c0 and a right query is used for
finding the relevant colors in the subtree rooted at child c1 (see Figure 8.1(b)).
For answering left queries, we let xm be the largest x-coordinate of a point
in the subtree rooted at c0 , where we ignore insertion time (this value can
be stored at c0 as a preprocessing step). We then use a data structure for
partially-persistent (insertion and deletion) three-sided range reporting to report all points (x, y) ∈ Pl for which x0 ≤ x ≤ xm and y ≥ h(a) − 1. Note that
in case a point with color χ is present in the range [x0 : xm ], either the point
is the rightmost with color χ in the subtree of c0 , in which case its height is
at least h(c0 ) = h(a) − 1, or otherwise, there is a representative of the same
color with a higher x-coordinate and height at least h(a) − 1. Moreover, no two
points with the same color in the subtree of c0 can have height at least h(a) − 1,
so for all colors in the range [x0 : xm ], there is exactly one point of that color
which is reported by the query on Pl .
For answering right queries we define yr (p) analogously to yl (p), that is,
yr (p) is the height of the lowest ancestor such that p is the leftmost point of
color χ in the subtree. Similarly, Pr is defined as Pl , with rightmost replaced
by leftmost and yl (p) replaced by yr (p). The query is also analogous, we find
all points (x, y) ∈ Pr for which xm < x ≤ x1 and y ≥ h(a) − 1.
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Figure 8.1: (a) Assignment of y coordinates.

8.1.2

(b)

(b) Answering queries.

Offline partially-persistent three-sided non-colored range
reporting

As the number of different y-coordinates is O(log(N/B)), we can afford to do
an I/O for each of them. Thus, if we can construct a one-dimensional partiallypersistent data structure with query time O(1 + K/B) for each y-coordinate,
we have solved the problem (we just query the data structures stored for all
y-coordinates inside the query range).
For the one-dimensional reporting problems, we simply construct a partially
persistent B-tree [31] over the points. This partially-persistent B-tree stores
points in sorted order in the leaves, and we simply augment the leaves with
pointers between them. These pointers can easily be maintained partiallypersistent with only a constant factor overhead. Thus if we are given a pointer
to the leaf containing x0 at time t, we can report the K points in a range [x0 : x1 ]
in O(1 + K/B) I/Os simply by scanning leaves until a point with x-coordinate
greater than x1 is encountered. Our goal is therefore to find such a pointer for
all O(log(N/B)) different y-coordinates, using only O(log(N/B)) I/Os.
Reduction to Partially-Persistent Rectangle Stabbing. Consider one
of the partially persistent B-trees stored for a particular y-coordinate. Each
insertion and deletion into such a tree changes O(1) leaves amortized. We thus
represent each version of each leaf as a rectangle [x0 : x1 ] × [t0 : t1 ], where
[x0 : x1 ] is the range of coordinates represented by the leaf after the update
(starting from but excluding the last point in the previous leaf, or −∞ for the
first leaf), t0 is the timestamp of the update and t1 is the timestamp of the next
update to the leaf. To find which leaf contains x at timestamp t, we need to
find the rectangle containing the point (x, t), that is, we need to answer a point
location query in a set of disjoint axis-aligned rectangles. The total number of
rectangles is equal to the total number of leaf changes in the partially persistent
B-tree, which is linear in the total number of updates, N .
We superimpose the rectangular subdivisions for all O(log(N/B)) different
partially persistent B-trees and store them in a linear space rectangle-stabbing
data structure of Arge et al. [20], in which each rectangle is augmented with a
pointer to the leaf it represents. This data structure answers rectangle-stabbing
queries (report all K rectangles containing a query point) in O(log(N/B) +
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K/B) I/Os. Note that we report at most O(log(N/B)) rectangles, so we have
the following theorem. We note that the idea of solving a number of point
location queries in parallel using a rectangle-stabbing query has appeared before
in the work of Afshani et al. [2].
Theorem 8.1 There exists a data structure for three-sided categorical range
reporting that answers queries in O(log(N/B) + K/B) I/Os using linear space.

8.2

Final data structure

In this section, we show that using the data structure from Theorem 8.1 as
a building block, we can obtain a data structure that uses O(N h) space and
answers queries in O(logB N + log(h) (N/B) + K/B) I/Os for any integer h > 1
(not necessarily constant). Before presenting our solution, we need the following
easy result for two-sided categorical range reporting:
Lemma 8.1 There exists a data structure for two-sided categorical range reporting, using linear space and answering queries in optimal O(logB N + K/B)
I/Os.
Proof. Assume the queries are unbounded towards −∞ in both the x- and
y-direction. To solve the problem, we maintain a partial persistent B-tree T ,
which is initially empty. Now conceptually sweep a vertical line from x = −∞
to ∞, and whenever a point (x, y) from the input intersects the sweep line, check
if it has the lowest y-coordinate amongst all points of the same color which have
been encountered so far. If so, we first delete the previous lowest point of the
same color (if any) from T and set the timestamp of the deletion to 2x − 1.
We then insert the newly encountered point with key y and timestamp 2x.
To answer a query (−∞, x0 ] × (−∞, y0 ] we simply ask the (non-colored) range
reporting query (−∞, y0 ] on T with the timestamp being 2x0 . The correctness
follows immediately.
t
u
With Theorem 8.1 and Lemma 8.1 established, we are ready to bootstrap
with these two solutions to obtain an even faster solution for three-sided queries.

8.2.1

Bootstrapping

In the following, we use the data structure of Theorem 8.1 to reduce the query
time even further. Our key idea is to only query the data structure from Theorem 8.1 in case we know we have Ω(B log(N/B)) points to report. If we have
fewer points to report, then we can reduce the problem size we are working on
essentially by an exponential factor. The details follow below.
Our final data structure takes as input an integer parameter h ≥ 1 (not necessarily constant). If h = 1, we simply store the data structure of Theorem 8.1
which has space usage O(N h) and query time O(log(1) (N/B) + K/B). In this
case, we say that the data structure is a leaf data structure.
If h > 1, we do the following: First of all, we store all input points in
the data structure of Theorem 8.1, which we will query in case we are sure

97

8.2. Final data structure

we have Ω(B log(N/B)) colors to report. Second, we sort the input points by
x-coordinate and divide them into buckets of B log2 (N/B) consecutive points
each. For each bucket, we implement the data structure from Lemma 8.1 such
that we can answer two-sided queries on the points in a bucket. This uses linear
space.
We then conceptually construct a complete binary search tree on the buckets
and note that we can identify the lowest common ancestor of two buckets solely
from the indices of the two. For a bucket b, we now store for each ancestor v in
the binary search tree two lists of points, S` (b, v) and Sr (b, v), as defined below.
Intuitively, S` (b, v) contains a set of O(B log(N/B)) points with unique colors
in the subtrees hanging off to the left of the path from b to v (see Figure 8.2),
and similarly Sr (b, v) contains points from the subtrees hanging off to the right
of the path from b to v.
x00 p(b0 , v)

S`0 (b0 , v) b0

Sr0 (b0 , v)

v

0
p(b1 , v) x1

S`0 (b1 , v)

b1 S 0 (b1 , v)
r

Figure 8.2: The answer to a query with x-range [x0 : x1 ] is contained in
Sr0 (b0 , v),S`0 (b1 , v), b0 and b1 .
More formally, let v be an ancestor of bucket b and p(b, v) the path from
b to v (excluding b and v). Now construct the set S`0 (b, v) of all points in
subtrees hanging off to the left of p(b, v), and similarly Sr0 (b, v) the set of points
in subtrees hanging off to the right of p(b, v) (see Figure 8.2). For each b and v,
let S`00 (b, v) be the set points that each have the smallest y-coordinate amongst
the points of the same color in S`0 (b, v), i.e.
S`00 (b, v) := {q ∈ S`0 (b, v) | ∀q 0 ∈ S`0 (b, v) : χ(q 0 ) = χ(q) ⇒ y(q 0 ) > y(q)}.

Define Sr00 (b, v) symmetrically, with l replaced by r. Then, select the B log(N/B)
points with lowest y-coordinate in S`00 (b, v) to form the set S` (b, v) (do the same
for Sr (b, v)). For a bucket b, we store S` (b, v) and Sr (b, v) for each ancestor
v as a list of points ordered by y-coordinate. As we have O(N/B log2 (N/B))
buckets and O(B log(N/B)) points for each of the O(log(N/B)) ancestors of a
bucket, we need O(N/B log2 (N/B) · B log2 (N/B)) = O(N ) space for storing
these lists.
Finally, we store the same data structure recursively on each bucket, but
with h decreased by 1. Note that the ratio between the number of points and
disk block size goes from N/B to log2 (N/B) in the recursively constructed data
structures, and when the recursion bottoms out (h decreases to 1), the ratio
has decreased to O((log(h−1) (N/B))2 ).
Answering Queries. To answer a query [x0 : x1 ] × (−∞ : y0 ], first determine the successor of x0 , denoted s(x0 ), and the predecessor of x1 , denoted
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p(x1 ), amongst the x-coordinates of the input points, as well as their respective
ranks. This can be done by storing one global B-tree on the x-coordinates of all
input points. We first determine whether s(x0 ) and p(x1 ) lie in the same leaf
data structure. Since our recursive data structures are constructed as complete
binary trees on the x-coordinates of the points, this can be determined solely
from the ranks of s(x0 ) and p(x1 ), i.e. no I/Os are needed. If they are in the
same leaf data structure, we simply answer the query using the data structure
of Theorem 8.1 stored at the leaf.
If s(x0 ) and p(x1 ) are not in the same leaf data structure, we determine the
first node, v, in all the recursively constructed binary trees, for which s(x0 ) and
p(x1 ) lie in different subtrees. Let Tv be the complete binary tree containing
v and let 1 < h0 ≤ h denote the value of h used when constructing Tv . The
0
number of points in Tv is O((log(h −1) (N/B))2 B). We now find the bucket
b0 ∈ Tv containing s(x0 ) and b1 ∈ Tv containing p(x1 ). Since s(x0 ) and p(x1 )
lie in different subtrees of v, we have b0 6= b1 . We now answer the query
in at most four parts, so each color may be reported up to four times. We
first report the colors of the points in b0 and b1 that intersect the query range
using the two-sided data structures of Lemma 8.1 stored over all points in
those buckets, where in b0 we use the query range [x0 , ∞) × (−∞, y0 ] and in
b1 we use the query range (−∞, x1 ] × (−∞, y0 ]. Then, we scan Sr (b0 , v) and
S` (b1 , v), starting from the point with smallest y-coordinate and reporting the
colors of points until their y-coordinate is greater than y0 . In case the two
lists both return less than all of their points, we are sure to have reported
all colors in the range since any other colors either do not have points in the
subtrees hanging off to the right (left) of the path from v to b0 (v to b1 ), or
the points in there have y-coordinates greater than y0 (otherwise they would
have been represented in Sr (b0 , v) or S` (b1 , v)). In case all points are reported
from one of the two lists, we discard the output so far and instead query the
data structure of Theorem 8.1 containing all points in Tv . Since the output
0
size is K = Ω(min{|Sr (b0 , v)|, |S` (b1 , v)|}) = Ω(B log((log(h −1) (N/B))2 )) =
0
0
Ω(B log(h ) (N/B)) in this case, this costs O(log((log(h −1) (N/B))2 ) + K/B) =
0
O(log(h ) (N/B) + K/B) = O(K/B) I/Os.
Analysis. We first analyze the query time. Determining the successor, s(x0 ),
of x0 and predecessor, p(x1 ), of x1 , including their ranks, costs O(logB N )
I/Os. If s(x0 ) and p(x1 ) are in the same leaf data structure, we query the data
structure of Theorem 8.1 on a set of O((log(h−1) (N/B))2 B) points, costing
O(log(h) (N/B) + K/B) I/Os. If s(x0 ) and p(x1 ) are not in the same leaf data
structure, we query two two-sided data structures of Lemma 8.1, both stored on
O(N ) points, costing O(logB N + K/B) I/Os. Scanning the two lists Sr (b0 , v)
and S` (b1 , v) costs O(K/B) I/Os since we only continue scanning while we
report new colors. In case we report all points from one list, we spend another
O(K/B) I/Os querying the three-sided data structure stored on Tv . Thus the
total query cost is O(logB N + log(h) (N/B) + K/B) I/Os as claimed. For the
space usage, observe that each recursive level uses linear space, thus the space
is bounded by O(N h).

8.3. Input points on a grid
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Theorem 8.2 For any integer parameter h ≥ 1 (not necessarily constant),
there exists an O(N h) space data structure answering three-sided categorical
range queries in O(logB N + log(h) (N/B) + K/B) I/Os, where K is the number
of colors reported.
Four-sided queries. The three-sided data structure above also provides an
improved data structure for four-sided queries: Simply use the binary range
trees [32] to obtain a data structure for four-sided queries, at the cost of increasing the space by a log N factor.

8.3

Input points on a grid

In this section, we show how to reduce the query time of our I/O-model data
structures when the input points are given on a grid. Our aim is to reduce the
logB N term and from the analysis in Section 8.2, we see that this term arises
from two places:
• Finding the successor of x0 and predecessor of x1 , including their ranks.
• Querying a two-sided data structure from Lemma 8.1 on a bucket.
The first part is easily dealt with since predecessor search in an integer universe
of size U can be done in O(log logB U ) I/Os and in O(1) I/Os in a universe of
size N (simply store an array). For the two-sided structure from Lemma 8.1,
recall that we are solving this problem by asking one-sided queries on a partial
persistent B-tree, i.e. queries of the form (−∞, y0 ] at some timestamp x0 . It is
easily seen that a partially-persistent B-tree can be implemented such that if
we are given a pointer to the disk block containing the smallest element stored
in a partially-persistent tree at a given timestamp x0 , then we can immediately
jump to that disk block and scan points in the tree until the keys exceed y0 , i.e.
we can answer the query in O(1 + K/B) I/Os if given such a pointer. Now if we
augment the partially-persistent B-tree structure with a sorted list of pointers,
one for each operation performed on the structure, where each pointer points to
the disk block containing the smallest element in the tree after the corresponding
update operation, then we only need to determine where the update operation
immediately preceding the query timestamp x0 is located in this sorted array.
This is a predecessor search problem. Now observe that the timestamps used
in our solution is amongst [2U ] when the points are on a U × U grid, hence we
conclude
Corollary 8.1 For any integer parameter h ≥ 1 (not necessarily constant),
there exists an O(N h) space data structure answering three-sided categorical
range queries in O(log logB U + log(h) (N/B) + K/B) I/Os when the N input
points are given on a U × U grid, where K is the number of colors reported.
Corollary 8.2 For any integer parameter h ≥ 1 (not necessarily constant),
there exists an O(N h) space data structure answering three-sided categorical
range queries in O(log(h) (N/B) + K/B) I/Os when the N input points are
given on an N × N grid, where K is the number of colors reported.
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Word-RAM data structures

In the following, we show how to extend our I/O-model solutions to obtain
optimal solutions in the word-RAM. We first note that the I/O-model data
structure of Theorem 8.1 translates directly to the following word-RAM result:
Corollary 8.3 There exists a word-RAM data structure for three-sided categorical range reporting, using linear space and answering queries in O(log N + K)
I/Os.
U × U grid in the word-RAM. To obtain optimal query times in the wordRAM, we bootstrap with the data structure from Corollary 8.3 by using the
same layout as Section 8.2, i.e. we partition the points into buckets of size log2 N
and construct a complete binary tree on the buckets. For the buckets, we do
not recurse but instead store the word-RAM data structure of Corollary 8.3
directly. Since the number of points in a bucket is log2 N , the cost of querying
such a data structure is O(log(log2 N ) + K) = O(log log N + K). For the lists
Sr (b, v) and S` (b, v), we use the topmost log N points and hence the space usage
is linear.
When coordinates lie on a U × U grid, we can find the successor (and
rank) of x0 and the predecessor (and rank) of x1 in O(log log U ) time using a
predecessor-search data structure [106]. The lowest common ancestor v and the
lists Sr (b0 , v) and S` (b1 , v) can be found in constant time by word-operations
and indexing in the word-RAM, so the total query time is O(log log U + K).
Theorem 8.3 There exists a linear space data structure answering three-sided
categorical range queries on a set of points in [U ] × [U ] in O(log log U + K) time
in the word-RAM, where K is the number of colors reported.
N ×N grid in the word-RAM. For input points on an N ×N grid (i.e. rank
space), we bootstrap with the data structure of Theorem 8.3, which we query
in case we have Ω(log log N ) colors to report. We again construct the layout
of Section 8.2, i.e. we partition into buckets and construct a complete binary
tree on them. This time the buckets contain log N log log N points each and the
size of each S` (b, v) and Sr (b, v) is log log N , so we use O(N/(log N log log N ) ·
log N · log log N ) = O(N ) space for storing the S` (b, v) and Sr (b, v) lists. We do
not recurse on the buckets, but instead we store a data structure that answers
three-sided queries on O(log N log log N ) points in O(1+K) time and with linear
space. This data structure is described in Section 8.4.1. This data structure
also uses a lookup table of size O(N ε ), where ε > 0 is an arbitrarily small
constant, which can be shared among all buckets.
We query the data structure as in Section 8.2, except we use the O(1 + K)
query time data structure for handling the buckets. The elements s(x0 ) and
p(x1 ) and their ranks can be found in constant time by storing an array over
all x-coordinates. Hence, in this case the query time is O(1 + K).
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Theorem 8.4 There exists a linear space data structure answering three-sided
categorical range queries on a set of N points in [N ] × [N ] in O(1 + K) time
in the word-RAM, where K is the number of colors reported.

8.4.1

Word-RAM queries on few points

In this section, we show how to answer three-sided categorical range reporting
queries on a set P of m = O(log N log log N ) points with coordinates on an
N × N grid. Our solution uses a lookup table of size O(N ε ), where ε > 0 is an
arbitrarily small constant. This lookup table is independent of the input set and
hence can be shared amongst any number of data structures. In addition, our
solution uses linear space (i.e. O(m log N ) bits) and answers queries in O(1+K)
time. The techniques used are standard.
First we store a Fusion tree [61] on the m input points. This Fusion tree
uses linear space and allows us to answer predecessor queries amongst the input
points in constant time. Thus we can map a query into rank space coordinates
w.r.t. P in constant time, i.e. we can consider all points in P as lying on an
m × m grid and we can assume that the corner points of a query are also
represented by points on the grid. Furthermore, we replace the colors of the
input points by integers in [m], such that two points with the same color are
assigned the same new color in [m] (i.e. a rank space reduction on the colors).
Note that we can trivially recover the old coordinates and colors from our new
representations of points using lookup arrays of total size O(m log N ) bits. We
let P ∗ denote our transformed set of input points.
We now partition the points in P ∗ into m/∆ buckets of ∆ = δ log N/ log log N
points each, where δ > 0 is a sufficiently small constant. The ith bucket consists
of the ∆ points in P ∗ with x-coordinates {i∆, . . . , (i + 1)∆ − 1}. Now observe
that a single bucket can be completely described in ∆2 log m < 3∆ log log N =
3δ log N bits, simply by writing down the y-coordinate and color of each point,
one after the other. Our shared lookup table has one entry for every possible
combination of a bucket (i.e. bit representation of a bucket) and a query inside that bucket. Since a three-sided query inside a bucket can be described
in 3 log m bits, the total number of entries in the lookup table is bounded by
23δ log N +4 log log N = O(N ε ) for an arbitrarily small constant ε > 0. Each entry
of the lookup table simply stores the answer of the corresponding query on the
corresponding bucket (note that things are in rank space, but we can recover
the original points and colors using the arrays mentioned earlier). The total
size of the lookup table can still be bounded by O(N ε ) for any constant ε > 0.
Thus for any query range [x0 : x1 ] × (−∞ : y] (in rank space), we can
partition the query into three disjoint queries: Let i0 be the index of the bucket
containing x0 and let i1 be the index of the bucket containing x1 . The query is
partitioned into the following parts:
1. [x0 : (i0 + 1)∆ − 1] × (−∞ : y]. This part of the query is answered using
the lookup table. This takes O(1 + K) time.
2. [(i0 + 1)∆ : i1 ∆ − 1] × (−∞ : y]. We show how to handle this part below.
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3. [i1 ∆ : x1 ] × (−∞ : y]. This part is also answered in O(1 + K) time using
the lookup table.
Note that if a query lies completely within a bucket, we can immediately answer
the query using the lookup table. Thus all that remains is to show how we
answer the query [(i0 + 1)∆ : i1 ∆ − 1] × (−∞ : y]. Note that the x-range of
this query completely spans a number of consecutive buckets and stops at the
border between two buckets on each side. The last part of our data structure
therefore consists of a sorted list for every range of buckets. For a range of
buckets, we first collect all points contained in those buckets. From this set of
points, we select for each color the point with lowest y-coordinate. We store this
subset of points in sorted order of y-coordinate, packed into words. Now given
the above query range [(i0 + 1)∆ : i1 ∆ − 1] × (−∞ : y] we start by examining
the first point in the sorted list stored for the range of buckets i0 + 1, . . . , i1 − 1.
If the y-coordinate of the point is at most y, we report it and examine the next
point in the list. This continues until a point with y-coordinate greater than y is
encountered, or until the end of the list is reached. Clearly this correctly reports
the colors in the query range and the time needed is O(1 + K). Since any point
is stored in at most (m/∆)2 = O(log4 log N ) such lists, the total space usage
is bounded by O(m log4 log N log m) = O(m log5 log N ) = o(m log N ) bits. We
conclude that the space usage of our data structure is dominated by the Fusion
tree and the arrays mapping points and colors from rank space to their original
coordinates. Thus the space usage is linear.
Four-sided queries. The three-sided data structure above also provides an
improved data structure for four-sided queries in the word-RAM. Again we
simply use range trees [32] to get the following result:
Theorem 8.5 There exists an O(N log N ) space data structure answering foursided categorical range queries in O(log log U + K) time in the word-RAM when
the input points lie on a U × U grid. Here K is the number of colors reported.

8.5

One-dimensional categorical range counting

In this section, we present a reduction from two-dimensional range counting to one-dimensional categorical range counting. This establishes a tight
Ω(log N/ log log N ) query time lower bound for any categorical range counting
data structure in the word-RAM that uses N logO(1) N space. Combined with
the previous reduction in the other direction [70], this also shows that the two
problems are identical.
We reduce from two-dimensional dominance counting, i.e. counting where
the query rectangles are of the form (−∞ : x0 ]×(−∞ : y 0 ]. Note that dominance
counting solves counting with four-sided ranges by adding and subtracting the
answers to a constant number of queries.
Let P be the N input points to a two-dimensional dominance range counting
problem and assume all coordinates are positive (this can easily be achieved
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through a translation of the points). We map each input point to two onedimensional colored points: If an input point p has coordinates (x, y), then it is
mapped to the two points with coordinates −x and y, respectively. The color
of the two constructed points is set to p (or some value uniquely identifying
p). Letting P 0 denote the constructed set of 2N one-dimensional points, we
construct a one-dimensional categorical range counting data structure on P 0 .
Finally, we construct the set P ∗ consisting of all points in P 0 , but where the
colors are changed such that every point has a unique color. We also construct
a one-dimensional categorical range counting data structure on P ∗ . Note that
this corresponds to a standard one-dimensional range counting data structure
since all colors are distinct.
When presented with a dominance counting query (−∞ : x0 ] × (−∞ : y 0 ],
we ask the one-dimensional categorical range counting query [−x0 : y 0 ] on the
two data structures constructed for P 0 and P ∗ . Letting t0 and t∗ denote the
answers to these queries, we return as our result t∗ − t0 .
To see that we have correctly answered the dominance counting query (−∞ :
0
x ] × (−∞ : y 0 ], let p be an input point with coordinates (x, y). We have four
cases:
1. x ≤ x0 and y ≤ y 0 : The point p is inside the dominance query. In this
case, observe that the one-dimensional query range [−x0 : y 0 ] contains
both one-dimensional points representing p. Therefore, p contributes 2 to
the value t∗ but only 1 to the value t0 (the two representatives have the
same color), i.e. it contributes 1 to the returned answer.
2. x ≤ x0 and y > y 0 : The point p is outside the dominance query. In this
case, the one-dimensional query range [−x0 : y 0 ] contains one of the two
points representing p. Thus p contributes 1 to both t∗ and t0 and hence 0
to the returned answer.
3. x > x0 and y ≤ y 0 : Symmetric to case 2.
4. x > x0 and y > y 0 : The point p is outside the dominance query. In
this case, the one-dimensional query range [−x0 : y 0 ] contains none of the
two points representing p. Thus p contributes 0 to both t∗ , t0 and to the
returned answer.
The correctness of our reduction from two-dimensional dominance counting
to one-dimensional categorical range counting follows immediately from the
above case analysis.
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